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The resonant shunted piezoelectric has been shown a viable solution for stable vibration
control. Two main implementations of the single mode shunt circuit have been developed;
the original with a series connection of the resistive and inductive element forming the
shunt, and the second, a parallel interconnection, which claimed marginal tuning im-
provements. More recently, multimodal shunting circuits have been developed where a
gain in achievable bandwidth may be viewed as offset by the difficulty in properly tuning.
In this paper, the original series shunt formulation is presented in unique detail. Here, the
electromechanical analogy is developed, along with a unique technique for accurately
tuning the shunt circuit. Experimental results are presented to the theoretical foundations.
�DOI: 10.1115/1.4000966�
Introduction
The resonant shunted piezoelectric was first described as analo-

ous to the tuned proof-mass absorber by Hagood and von Flotow
1�, where the resonant shunt was compared with the Voigt-type
bsorber model of Den Hartog �2�. The Voigt-type absorber con-
ists of a parallel arrangement of a spring element and a dashpot
lement connected to the absorber mass. The mechanical model
hat more accurately parallels the resonant shunt is that of the
kyhook damper tuned proof-mass absorber of Ren �3�. This sys-
em, as well as a more mechanical understanding of the resonant
hunt, will be addressed in order to gain a more full appreciation
or the mechanics of the resonant shunt, as well as its limitations.

The resonant shunt uses passive electronics to dissipate some of
he mechanical energy of the host structure at the resonance. The
esonant shunt is performance limited by the amount of electro-
echanical coupling available. This coupling defines the theoret-

cal upper limit to which the shunt can operate. However, reaching
his theoretical limit is only possible with extremely accurate tun-
ng. The tuning techniques of Hagood and von Flotow�1� can be
ery sensitive to proper parameter determination. Small errors in
arameter determination can lead to grossly mistuned shunts. By
ormulating the problem as a feedback controls problem, and bas-
ng the tuning laws on those presented by Ren �3� for the skyhook
amper model, more easily recognizable tuning parameters are
vident. These parameters lend themselves to easy determination
sing piezoelectric modal analysis techniques. The use of piezo-
lectric modal analysis leads to more accurate shunt parameter
stimates, and therefore, a more properly tuned and better per-
orming system. The process becomes a single step electrical im-
edance measurement from which the electrical receptance is then
alculated. The modal analysis is performed on this receptance
lot, and from this, the three necessary tuning parameters are ex-
racted. In this way, a more confident estimate can be made, and a

ore easily and accurately tuned resonant shunt results.
Much research has been amassed on the concept of passively

hunting piezoelectric materials, and specifically on the most
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promising technique, that of the resonant shunt. Despite the many
iterative variations that have been studied in attempts to improve
the performance of the resonant shunt, the performance ultimately
boils down to an issue of coupling and proper tuning.

Herein, an extensive comparison is presented between the reso-
nant shunted piezoelectric and its mechanical inspiration, the
tuned proof-mass absorber. This work seeks to fully explain the
performance of these devices as a function of coupling and the
reliance of the peak achievable performance on proper tuning—a
methodology for which is also presented.

2 The Proof Mass-Absorber/Resonant Shunted Piezo-
electric Analogy

2.1 Modeling. The topological structure of the series resistor-
inductor �RL� resonant shunted piezoelectric is analogous to the
skyhook damper absorber of Ren �3�, as shown in Fig. 1.

Through the simple application of Newton’s laws, the proof-
mass absorber depicted in Fig. 1, operating with position feed-
back, can be described by the following mathematical transfer
function models: for the main mass, the transfer function between
the position and the force can be shown to be

x

F
=

1

k

�n
2

s2 + 2��ns + �n
2 �1�

and for the appended absorber system, the transfer function be-
tween the output of force and the input of position can be shown
to be

F

x
= − ka

s2 + 2��as

s2 + 2��as + �a
2 �2�

Note that the nondimensional gain ka /k can be rewritten as a
nondimensional mass ratio ma /m, multiplied by a nondimensional
frequency ratio �a

2 /�n
2. It is this familiar nondimensional mass

ratio, henceforth known as �, that ultimately determines the upper
limit on the level of performance that can be expected from a
properly tuned absorber. This is more thoroughly explored in the
following.

The resonant shunted piezoelectric can be most easily under-
stood through a direct analogy with the above system described by
Eqs. �1� and �2�. The resonant shunt mimics the dynamics of the

absorber nearly exactly; however, these dynamics take place elec-

FEBRUARY 2011, Vol. 133 / 011012-111 by ASME

E license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



t

H

a
f
i
q
E
e

f
t

w
e

U
c
b
i

0

Dow
rically via the coupling coefficient.
The constitutive equations for the piezostructure, as taken from

agood et al. �4�, are shown as

mẍ + cẋ + kx = �V �3�

q = �x + CpV �4�
Equation �3� is known as the actuator equation, describing how
piezostructure reacts to an applied voltage, and Eq. �4� is re-

erred to as the sensor equation, showing how the electrical charge
s generated; the total charge is composed of two components,
mech=�x and qelec=CpV. From these, analogous equations to both
qs. �1� and �2� can be derived for the resonant shunted piezo-
lectric with the input and output signals being electrical.

For the piezostructure plant, the analog to Eq. �1� is a transfer
unction between the mechanical contribution to the charge and
he voltage. This can be shown to be

qmech

V
= CpK2 �n

2

s2 + 2��ns + �n
2 �5�

here K2 is the �nondimensional� electromechanical coupling co-
fficient

K2 =
�2

Cpk
�6�

pon application of Kirchhoff’s voltage law around the loop that
omprises the RL shunt circuit in Fig. 1, the transfer function
etween the output of voltage and the input of mechanical charge
s found to be
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V

qmech
= −

1

Cp

s2 + 2�e�es

s2 + 2�e�es + �e
2 �7�

where

�e =
R

2L�e
�8�

and

�e =� 1

LCp
�9�

The analogy discussed above is further clarified upon examina-
tion of the systems from a controls standpoint by means of feed-
back block diagrams, as shown in Fig. 2. The major difference
between the two stems from the signal access terminals or where
the system is physically separated. This has implications that ul-
timately manifest themselves in terms of performance and adjust-
ability.

2.2 Performance Factors. Like the vibration absorber mod-
eled by Eqs. �1� and �2�, upon which the resonant shunt compari-
son has been made, the energy available for dissipation is limited
by the amount of energy transfer possible, which is directly re-
lated to the coupling. The coupling represents the amount of me-
chanical energy that can be converted to electrical energy, and
therefore, dissipated. Analogous to the familiar performance pa-
rameter of the proof-mass absorber, � �mass ratio�, the nondimen-
sional coupling K2 determines the performance that can be ex-
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ected from a particular shunted piezoelectric. This parameter is
ependent upon the material properties of the piezoelectric, as
ell as the spatial aperture of the material on the structure.
The similarities between the mass ratio � and the nondimen-

ional coupling coefficient K2 can be seen by examining the loop-
ain of the two systems. From Eqs. �1� and �2�, the loop-gain of
he proof-mass absorber system can be expressed as follows:

� = − �
�a

2

�n
2� �n

2

s2 + 2��n + �n
2�� s2 + 2��as

s2 + 2��as + �a
2� �10�

Both of the bracketed expressions contain the nondimensional
ynamics of both the primary mass and the appended absorber.
he remaining coefficient is comprised of the squared frequency

atio �2, which simply serves to keep the nondimensionality, and
he mass ratio �, which determines the upper bound on the per-
ormance. The parameter � is a user-defined parameter that de-
cribes the overall size of the appended absorber. The larger the
bsorber mass, the more attenuation possible. Invoking a controls
erspective, the higher the loop-gain, the better the disturbance
ttenuation, so long as the system remains stable. The beauty of a
assive system, as described here, is that there can be no stability
obustness issue. So the larger the mass ratio �, the better the
verall performance of the system. Of course, it must be recog-
ized that the engineering tradeoff in terms of a heavier overall
ystem is not always a desirable or even acceptable condition.

Transitioning back to the resonant shunted piezoelectric, it is
gain useful to examine the loop-gain of the system. From Eqs.
5� and �7�, the overall system loop-gain is found to be

� = − K2� �n
2

s2 + 2��ns + �n
2�� s2 + 2�e�es

s2 + 2�e�es + �e
2� �11�

Immediately apparent is the nondimensional gain coefficient K2

hat multiplies the nondimensional dynamics. A direct analog to
he mass ratio �, the nondimensional coupling coefficient K2 de-
nes the upper level of performance that can be expected from a
articular piezoelectric. This analogy is further clarified in Fig. 3.

Although the system models and feedback topology for both
he resonant shunted piezoelectric and skyhook damper proof-

ass absorber are virtually identical, the modifying gains of the
erformance factors are unique in terms of their adjustability. In
eneral, the tuned vibration absorber can be made more effective
y increasing its mass, which results in a higher value of �. This
ormally amounts to the changing out of one absorber with a
arger one. Such performance adjustment is not possible with the
esonant shunted piezoelectric. The reason for this is the physical
reak of the system for signal access, as shown in Fig. 2. With a
uned vibration absorber, the designer has access to the position or
elocity signal of the main mass, leaving them in full control over
ach of the absorber system parameters. This is not the case with
he resonant shunted piezoelectric. This is evident upon inspection
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nant shunted piezo
f the nondimensional coupling coefficient from Eq. �6�. Here,
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part of the absorber system, namely, the system capacitance Cp,
which is analogous to the reciprocal of the absorber stiffness, is a
fixed quantity and an inherent characteristic of the particular pi-
ezostructure in question. A properly tuned shunt design must nec-
essarily be based upon this characteristic, and so for a particular
amount of coupling, the performance level is predetermined. It is
as if the absorber stiffness of a proof-mass absorber is already a
fixed quantity and is unable to be changed. In order to retain
proper tuning and therefore, good performance, there would really
only be one correct choice for the mass of the absorber.

The traditional electromechanical analogy of the capacitive el-
ement likens its behavior to that of a spring. The capacitor, being
a pure reactance, dissipates no electrical energy, but rather acts as
a storage device for electrical potential energy. The capacitor can
be shown to limit the amount of electrical energy that is available
for dissipation by a shunt. Recalling Eq. �4� and referencing Fig.
4, it is clear that any applied current is split between the capacitor
in the form of ielec and the transformer in the form of imech.

Further insight is gained by referring to the mechanical analogy,
as presented in Fig. 1. Taking advantage of this analogy and work-
ing in mechanical terms, the piezostructure acts as a spring-mass-
damper system with an appended spring. Signal access is only
available at the top of the appended spring. This means that any
applied force �voltage for piezo� necessarily acts through the stiff-
ness of the spring. The resulting velocity imparted to the main
mass of the system is due to the impedance ratio, as seen from the
input.

This is best explained by referring to Fig. 5. Ignoring the small
inherent damping of the structure, the mechanical impedance, as
seen from point B, consists of the series combination of both a
mass M and a spring K. The combination is said to be in series
due to the fact that both lumped parameters experience the same
velocity, similar to electrical circuits where series elements expe-
rience the same current. The impedance at point B without Ka is

ZB =
F

ẏ
= ZM + ZK =

Ms2 + K

s
�12�

The mechanical impedance, as viewed from point A, consists of
a parallel combination of the impedance at point B and the im-
pedance of the absorber spring Ka. These elements are in parallel
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s a result of being subjected to the same force, analogous to the
iezoelectric transformer, as shown in Fig. 4, where the mechani-
al impedance and the capacitance of the piezoelectric experience
he same voltage. The impedance at point A is

ZA =
F

ẋ
=

ZKaZB

ZKa + ZB
=

Ka�Ms2 + K�
Ms3 + �K + Ka�s

�13�

Because the force experienced at both points A and B is iden-
ical �for a spring of negligible mass�, the velocity imparted to the

ain structure, as a result of a velocity input at the absorber
pring, can be found from the ratio of the impedances

ẏ

ẋ
=

ZA

ZB
=

Ka

Ms2 + K + Ka
�14�

As the impedance of the absorber spring goes to infinity, any
elocity input goes directly through to the structure. This result is
hat would be expected since as the spring gets infinitely stiff, its
ehavior approaches that of a solid rod and the input would sim-
ly equal to the output

lim
ZKa→�

ẏ

ẋ
=

ZA

ZB
= 1 �15�

It is this analogy that helps to explain the behavior of a piezo-
lectric material, as related to its coupling. Again, referencing Fig.
, any input current due to an applied voltage results in the trans-
er of power to the mechanical side in a relation that is dependent
n the relative impedances. Because the host structure can be
onsidered a relatively fixed impedance, the only way to improve
he power transfer is to increase the electrical impedance of the
iezoelectric.

Increasing the electrical impedance of the capacitor to the point
here it behaves as an open circuit or infinite impedance is syn-

M

CK

Kax
x

y
y

A

B

Fig. 5 The mechanical model of the piezoelectric

Current Source Piezo Model

I Cp
Fig. 6 Equivalent circuit repres
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onymous with driving the capacitance to zero. At this point, the
nondimensional coupling coefficient can be shown to be infinite

lim
Cp→0

�2

Cpk
= lim

Cp→0
K2 = � �16�

Because the nondimensional coupling coefficient is really a
measure of the ratio of the mechanical energy in the structure to
the electrical energy stored in the capacitor, an infinite coupling
coefficient simply means that all of the input current goes directly
into the energy applied to the structure. This can be understood
from an efficiency standpoint. The efficiency of the energy con-
version, electrical to mechanical, is a direct function of the non-
dimensional coupling coefficient. The efficiency of the piezoelec-
tric can be defined as

�PE =
Estruc

Etot
=

Estruc

Eelec + Estruc
=

K2

1 + K2 �17�

It is apparent from Eq. �17� that an infinite nondimensional
coupling coefficient produces a unity efficiency

lim
K2→�

�PE = lim
K2→�

1

1

K2 + 1

= 1 �18�

This result is expected since all of the input electrical energy is
transferred to the structure mechanically.

Because the piezoelectric model can be considered primarily a
pure capacitance �see Fig. 6�, the only way to increase the elec-
trical impedance is to lower the piezoelectric capacitance. Alter-
ations of the effective piezoelectric capacitance through capacitors
appended either in series or parallel have no beneficial effect on
the overall performance of a particular resonant shunt. Park et al.
�5� explored the parallel configuration in attempts to reduce the
value of the inductor necessary to attain the required electrical
resonance. This was accomplished; however, there was no men-
tion of the performance degradation that resulted. Referencing Eq.
�6�, an increase in the effective capacitance, which is the result of
a parallel addition, has the effect of reducing the nondimensional
coupling coefficient, due to their inverse relationship.

The electrical structure of the piezoelectric is shown in Fig. 6
through the two Thevenin equivalent electrical circuit models of
the piezoelectric, as taken from Park �6�. Clearly in this gross
model, the piezoelectric is primarily a pure reactance incapable of
energy dissipation. Referring to the current source model, which is
the best way to understand the resonant shunt, there is no known
way to add series capacitance, thereby reducing the effective ca-
pacitance, hence, the energy storage of the device. The addition of
series capacitance in the shunting leg of the circuit merely serves
to alter the circuit’s natural frequency, effectively mistuning the
shunt. The overall goal in shunting is to dissipate the maximum
amount of electrical energy. This amounts to driving the maxi-
mum amount of current through the resistive element of the shunt
for energy dissipation through joule heating. Again, referring to
the current source model of Fig. 6, this goal can be accomplished

Voltage Source Piezo Model

V

Cp
entations of the piezoelectric
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nly in two ways. The first way is to increase the internal imped-
nce of the piezoelectric so that maximum amount of current gen-
rated by the piezoelectric flows through the shunting leg and is
ot simply stored in the capacitance. As discussed above, there is
o known way to do this by passively modifying the electrical
ynamics since it is not possible to add series capacitance, based
pon the physical model of the piezoelectric. The second way to
ncrease the energy dissipation is through a more efficient source
f current generation. Better current generation is only possible
hrough improved coupling.

Upon further dissection of the performance factor K2 and ex-
mination of the remaining two terms that comprise this number,
he ways to vary the coupling can be understood. The first is the
nverse of the structure stiffness. This term is related to the modal
onstant of the particular mode in question and is essentially a
xed value for each mode. The second term is the square of the
oupling coefficient �. The most general formulation of the cou-
ling coefficient, as shown below, comes from the original deri-
ation by Hagood et al. �4�

� =�
Vp

�Lw�r�x��TRs
TeT�REL��v�x��dVp�x� �19�

The left hand bracketed portion contains the mechanical dy-
amics with a differential operator Lw, acting on the mode shape
unction �r�x�. The operator is the second derivative, which gives
he curvature of the piezoelectric. The curvature of the piezoelec-
ric is directly related to the strain in the structure. It is immedi-
tely apparent that positioning the piezoelectric in the region of
ighest strain would have the most beneficial effect on the cou-
ling coefficient �7�. The right hand bracketed portion contains the
lectrical dynamics that denote the voltage profile across the pi-
zoelectric material. Coupling the two halves together is the ma-
rix of constants relating the voltage to stress. This term is com-
rised of the piezoelectric material constants d and the stiffness of
he piezoelectric at short circuit cE.

As discussed above, the shunted piezoelectric’s influence on the
ase structure is largely fixed. The spatial aperture plays a signifi-
ant role in the available coupling; however, this parameter is
ften dictated by external design constraints and cannot be
hanged once a piezoelectric is firmly mounted to a structure.
lso, the internal characteristics of the piezoelectric, namely, the

apacitance and the constants relating voltage to stress e, are fixed
uantities for a particular material and geometry. Once manufac-
ured, they are unable to be altered.

There were attempts made to improve the resonant shunt, such
s by Wu and co-worker�8,9�, where the series arrangement dis-
ussed above was modified as a parallel circuit. The supposed
enefit of this type of configuration is in terms of the tuning. The
atural frequency and the damping can be modified to be com-
letely independent of one another. Regardless of the various at-
empts to improve the performance of the resonant shunt, ulti-

ately, performance is directly related to the available coupling.
oupling can be improved through the use of larger piezoelectrics
r piezoelectrics with modified material constants or geometries.
owever, for a particular piezoelectric, coupling can only be

hanged by optimizing the placement on the structure. It should
lso be noted that coupling can be severely degraded through
mproper bonding or electroding.

Tuning Resonant Shunted Piezoelectrics
For the reasons just discussed relating to the limitations in
odifying the coupling, as well as the limited performance ro-

ustness of the resonant shunted piezoelectric, it is very important
o be able to harness the maximum available performance from a
iven resonant shunt. This can be done by properly tuning the

hunting circuit to achieve the maximum level of damping.
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3.1 Tuning Laws. The proper tuning of the Voigt-type tuned
proof-mass absorber is based on an approximate H� minimization
that was first proposed by Ormondroyd and Den Hartog �10�. The
well-known tuning laws in their current form from Den Hartog �2�
can be shown to be

�Vopt
=

1

1 + �
�20�

and

�Vopt
=� 3�

8�1 + ��
�21�

where �Vopt
is the optimal natural frequency ratio �a /�n, and �Vopt

represents the optimal absorber damping.
Derivation of these laws is based on a graphical/algebraic tech-

nique known as the fixed-points theory. This technique necessarily
assumes zero damping for the host structure. This assumption,
although not physically accurate, allows the mathematical conve-
nience in deriving the tuning. Recently, closed-form, exact solu-
tions to the H� optimization of dynamic vibration absorbers at-
tached to such structures were found �11�. There, it was discerned
that the original fixed-points theory used by Den Hartog is an
extremely accurate method for tuning absorbers appended to un-
damped structures. In fact, there is only a slight divergence of the
two solutions �	0.5%� as the mass ratios increase to levels
greater than 2, a point at which they have already become imprac-
tical engineering solutions.

Such solutions have also been investigated in the case where
the damping of the primary system is included in the modeling.
No closed-form algebraic solution has been found; however, the
problem has been solved through an analytical series solution
�12,11�. For lightly damped structures ��	0.05�, this amounts to
a peak magnitude difference of less than 10%. Since most appli-
cations requiring the use of such an absorber are, by nature, very
lightly damped, the original fixed-points solution does not present
much of a problem. However, it should be realized that for struc-
tures that are not so lightly damped to begin with, more appropri-
ate solutions do exist. Closed-form, exact solutions were also de-
veloped for an H2 optimization involving this type of absorber
�12,11,13�. These results are well suited to applications where the
disturbance is some form of broadband random excitation. In such
a configuration, the overall total level of energy of the vibrating
system would be reduced.

Tuning of the skyhook damper proof-mass absorber model was
also developed using the fixed-points theory, as shown by Ren �3�.
It is this structural model that has been shown the direct analog to
the model of the resonant shunt piezoelectric. For this system, the
optimal tuning laws have been found to be

�skyopt
=� 1

1 − �
�22�

and

�skyopt
=� 3�

8�1 − 0.5��
�23�

From Fig. 3, the equivalent electrical mass ratio �e can be
shown as

�e =
�2

M
L = K2/�2 = GL �24�

where G is the modal constant, a term, which will be highlighted
in the following.

Using the tuning laws of Eqs. �22� and �23�, and making the
appropriate substitutions for the new electrical parameters, the
optimal tuning of the resonant shunt can be determined. The pro-
cess of optimally tuning the resonant shunted piezoelectric is a bit

different than its strictly mechanical counterpart. In the mechani-
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al case, the absorber mass can be chosen, and therefore, �
nown, so that all that is needed is to solve for the particular
tiffness that gives the appropriate absorber natural frequency, ac-
ording to Eq. �22�. In the case of resonant shunted piezoelectrics,
owever, the designer no longer has the opportunity to specify the
erformance for a particular piezoelectric and placement. Just as
n the case of the mechanical mass ratio, the electrical mass ratio
an be shown to determine the overall level of performance, as it
s a factor of the nondimensional coupling coefficient. Likewise,
his parameter is unadjustable since the two quantities that com-
rise it are fixed values innate in the system. The first of these, the
odal constant �G�, is a function of the piezoelectric’s spatial

perture on the host structure and its internal coupling character-
stics. The second parameter, the inductance �L�, although a de-
ign parameter itself, is dictated by the piezoelectric’s capacitance,
hich is fixed. This means that the only way to increase the per-

ormance of a resonant shunt is to optimize the actual patch
larger, better coupling, etc.� or its placement on the host structure.

Upon manipulation of Eq. �22� and substitution of the proper
lectrical terms, the optimal inductance can be found to be

Lopt =
1

Cp�n
2�K2 + 1�

=
1

��2

M
� + Cp�n

2

=
1

G + Cp�n
2 �25�

ikewise, from Eq. �23�, the optimal resistance can be found to be

Ropt = 2L�n� 3K2�n
2

�e
2

8�1 − 0.5K2�n
2

�e
2� = 2L�n� 3L

�2

M

8�1 − 0.5L
�2

M
�

= 2L�n� 3LG

8�1 − 0.5LG�
�26�

In order to properly tune the resonant shunted piezoelectric, it
emains to accurately determine the three parameters of capaci-
ance Cp, natural frequency �n, and the modal constant �2 /M that
etermine the shunt component values given in Eqs. �25� and �26�.
he tool of choice for this task is modal analysis.
Historically, the piezoelectric resonant shunt has been cast in a
ore electrical terminology. Previous authors have used the non-

imensional coupling coefficient K2 to describe the amount of
nfluence the piezoelectric can have on a structure. This has been
ully developed in Sec. 2. This term is directly related to the
odal constant as measured by the piezoelectric, a familiar term

o most structural dynamists and ubiquitous in modal analysis
iterature. Recognizing this relation, the tuning equations �25� and
26� have been written to highlight the traditional structural term
f the modal constant �2 /M, contrasted with the piezostructure
erm, the nondimensional coupling coefficient K2. The relation
etween these two parameters can be expressed as

�2

M
= G = K2Cp�n

2 �27�

The modal constant will henceforth be referred to as G.

3.2 Modal Analysis. Proper tuning of the resonant shunt re-
uires an accurate estimate of the system parameters through
ome form of system identification. For years, modal analysis has
een a convenient and reliable tool used for this means in struc-
ural analysis. More recently, it has found a use in the identifica-
ion of piezostructure parameters as well �14,15�. However, the
se of modal analysis to gather these parameters requires either
ollocated or nearly collocated sensor/actuators or the use of sen-
oriactuators. The former of these approaches cannot only be dif-
cult to implement, depending on the configuration, but can also
ead to incorrect parameter estimates. The latter, sensoriactuators
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�16–19�, can give very good results as they are truly collocated;
however, the circuitry necessary for implementation can be costly
and complex �14�.

The output/input relation for the piezostructure can be de-
scribed as charge/voltage. This quantity is the electrical recep-
tance. Upon substitution of hysteretic damping for proportional
damping, the electrical receptance can be found from the manipu-
lation of Eqs. �3� and �4� to be


��� =
q

V
��� =

�2

M

�n
2 − �2 + j��n

2 + Cp = K2Cp

�n
2

�n
2 − �2 + j��n

2 + Cp

�28�
The electrical receptance is not an easy quantity to measure,

however, it can be easily calculated after obtaining an impedance
measurement. The method for obtaining this measurement will be
discussed in a subsequent section. A method has been developed
by Cole et al. �20� that takes the electrical receptance plotted in
the Nyquist plane and uses a modal analysis circle-fit technique,
based on that of Ewins �21�. The electrical receptance �
���� used
for the circle-fit can be found from the impedance through the
application of the following equation:


��� =
1

j�Z���
�29�

Neglecting the feedthrough term Cp, Eq. �28� has the exact
same structure as Eq. �1�, except that now, hysteretic damping is
included. Plotting Eq. �28� in the Nyquist plane, the result is a
circle. Much the same as the receptance analog in the mechanical
world, the circle is in the bottom half plane. However, the circle is
no longer symmetric about the origin, but rather, it is displaced
along the positive, real axis by an amount that is determined di-
rectly by the capacitance value of the piezoelectric. This is the
first of the parameters necessary for proper tuning. Realizing this,
it becomes apparent that all of the necessary and relevant modal
parameters for piezoelectrics can be ascertained from this one
simple plot. The circle itself contains the remainder of information
necessary to determine the final two parameters. The process for
this is exactly the same as for the traditional structural modal
analysis.

The second parameter discernable from the circle-fit, the natu-
ral frequency �n, is determined by the data points’ sweep rate
around the circle. It can be shown that the natural frequency can
be most accurately estimated as the frequency at which the data
point spacing is the greatest.

In order to determine the modal constant G, it is necessary to
obtain an estimate of the damping of the mode under examination.
The modal damping can be determined by taking each of one data
point below the natural frequency and one data point above the
natural frequency. Calling these �b and �a, respectively, based on
the geometry, expressions for half of the angle between the data
point and the natural frequency point can be written as follows;

tan��b

2
� =

1 − ��b

�n
�2

�
�30�

tan��a

2
� =

1 − ��a

�n
�2

�
�31�

Combining these into an expression for �, the structural damping

factor, we have
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� =
�a

2 − �b
2

�n
2�tan

�a

2
+ tan

�b

2
� �32�

inally, from Eq. �28�, the diameter of the circle can be shown to
e

Diameter =

�2

M

�n
2�

=
G

�n
2�

�33�

quation �33� can be easily solved for the modal constant, and as
uch, each of the relevant modal parameters have been discerned
rom a single electrical receptance plot. Figure 7 is a clear ex-
mple of what the receptance plot for the piezoelectric can be
xpected to look like.

Previous authors, such as Hagood and von Flotow �1�, used the
iezostructure short and open circuit natural frequencies to calcu-
ate the nondimensional coupling coefficient. Using this tech-
ique, the nondimensional coupling coefficient can be calculated
s

K2 =
�o

2 − �s
2

�o
2 �34�

here �o and �s represent the piezoelectric open and short circuit
atural frequencies, respectively. Upon substitution of the above
nto Eq. �27�, the modal constant can be determined. However,
rom Eq. �34�, it is recognizable that accurate measurement of
hese natural frequencies is extremely important in order to get an
ccurate estimate of the modal constant. Even small errors in the
easurement of a natural frequency can lead to large errors in the

stimate of the modal constant. Thus, proper tuning of the shunt
ecomes very difficult. It can be shown that the relative error in
he estimate of the modal constant is bounded by

	dG

G
	 � 4

1 + K2

K2 	d�n

�n
	 �35�

Since the nondimensional coupling coefficient can be a very
mall number ��1� for most resonant shunted piezoelectric appli-
ations, Eq. �35� shows that it takes an extremely accurate mea-
urement of the natural frequency in order to get an acceptable
stimate of the modal constant. Since coupling coefficients are
enerally on the order of a few percent, the coefficient in Eq. �35�
an very easily become large, requiring the relative error with
hich the natural frequency is measured to be within 1.0% or less,

n order to maintain a high level of confidence in the estimation of
he modal constant.
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Fig. 7 An example of a modal circle for a piezostructure
The use of the modal analysis technique discussed above for
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discerning the tuning parameters for the resonant shunted piezo-
electric is far less susceptible to such measurement error. The
circle-fit method has the advantage that, although independent,
multiple parameters are collectively estimated simultaneously.
The method highlighted above allows the natural frequency to be
pinpointed within about 10% of the frequency spacing of the data
points if a finite difference method is used �21�. So, for smaller
bin spacing, more accurate estimates are possible. Also, the modal
constant is determined in part by the circle diameter. Due to the
nature of the circle-fit, errant data points will not pose any prob-
lem, as the circle is basically fit with an average diameter. As for
the capacitance, previous electrically static methods can signifi-
cantly bias the piezoelectric, and errors as large as 30% are pos-
sible �20�. Using the circle-fit, the capacitance is a direct
feedthrough term, which displaces the circle along the real axis in
direct proportion to its value. Using this method, it can be shown
that the relative error in the determination of the modal constant is
bounded by

	dG

G
	 � 2	d�n

�n
	 + 	d�

�
	 + 	dD

D
	 �36�

This is a much improved result over Eq. �35�, as there is no
longer a large modifying coefficient, which is dependent on the
coupling coefficient itself. Also, as stated previously, at least two
of the terms, the natural frequency and the circle diameter, can be
ascertained with a high level of confidence. The third term, damp-
ing, can be found from Eq. �32�, and this term can be averaged
using several sets of data points.

3.3 Measuring the Electrical Impedance. In order to pro-
duce a good circle-fit, a proper measurement of the electrical im-
pedance of the piezostructure must be made. Two methods for
piezoelectric impedance measurement investigated herein can be
used. The methods are simple circuits that can be constructed with
minimal effort. Both methods involve putting a known resistance
value in series with the piezoelectric element.

3.4 Method 1. The first method investigated requires con-
struction of the circuit, as shown in Fig. 8, which is a simple
voltage divider. The value of resistance is not critical, although it
should be known with high accuracy and it should be of high
enough resistance to allow a measurable voltage drop between
itself and the ground. Because of the high input impedance of the
voltage measuring device, current will flow in the single path
between the applied voltage and the ground. Since the applied
voltage is known and the voltage across the resistor can be mea-
sured with suitable accuracy, the voltage across the piezoelectric
element can be calculated. That is

Vpe = Vin − VR �37�
Also, from the knowledge of the value of voltage across the re-
sistor, the current can be simply found to be

ipe =
VR

R
�38�

R

VR

Vin
i

PE

Fig. 8 Method 1 circuit used to measure the impedance of a
piezoelectric element
From Eqs. �37� and �38�, the impedance can be calculated to be
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Zpe =
Vin − VR

VR
R �39�

ere, the numerator of Eq. �39� can be found with a difference
mplifier. Alternatively, Eq. �39� can be rewritten as

Zpe =
Vin

VR
R − R = �Vin

VR
− 1�R �40�

In the case of Eq. �40�, a transfer function of the two signals,
in and VR, is all that is required.

3.5 Method 2. The second method is perhaps a better engi-
eered solution for measuring the piezoelectric’s impedance, as in
his case, it is not so critical that the voltage measuring device
ave such a high input impedance as in the case of the former
ethod. The circuit necessary for this method is shown in Fig. 9.
ere, a transimpedance amplifier is used. Using this configura-

ion, all of the current flowing through the piezoelectric is forced
hrough the feedback resistor of the operational amplifier. The
oltage measured at the amplifier’s output is directly proportional
o the current through the circuit scaled by the value of the resis-
or. The impedance can be shown to be

Zpe = −
Vin

Vout
R �41�

After the impedance over a given modal frequency range has
een obtained through the use of one of the techniques presented
bove, the receptance can be calculated by using Eq. �29�. From
his data, a Nyquist plot can be constructed, and the aforemen-
ioned modal analysis technique can be applied.

Both impedance measuring methods work exceptionally well
nd produce nearly identical results, as can be seen in both Fig.
0, where the electrical receptance is plotted, and Table 1, where

R

Vout

Vin

i

PE

ig. 9 Method 2 circuit used to measure the impedance of a
iezoelectric element
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Fig. 10 Experimental receptance plots using
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the identified system parameters are listed. The use of this tuning
methodology ensures that the performance of the piezoelectric
shunt will be maximized, as based upon its current configuration.

4 Experimental Results With the Resonant Shunted
Piezoelectric

4.1 The Test Rig. The testing of the methodology presented
herein of the modeling, system identification, and tuning of reso-
nant shunted piezoelectrics was performed in the Adaptive Sys-
tems and Structures Laboratory at Duke University. The test rig
structure consisted of a cantilevered steel beam mounted to a vi-
bration isolation table, as is depicted in Fig. 11. The properties of
the beam are shown in Table 2. Attached to the beam were two
piezoelectric patches. The first patch, attached at the root, was
configured to provide the disturbance to the structure. The second
patch, located very near the middle of the beam, was configured
as a resonant shunt. Performance was measured using a PCB
model 352C67 accelerometer, the signal of which was conditioned
by a PCB model 480E09 signal conditioning unit. The system was
analyzed with a DSP Technologies Siglab model 20–42 that also
provided the broadband disturbance signal. The Siglab model was
also used for acquisition of the data used in the modal analysis
procedure. The disturbance piezoelectric was driven by a Krohn–
Hite Corporation model 7600 wideband amplifier.

The seventh mode of the beam structure was targeted for at-
tenuation by the resonant shunt. This mode has a natural fre-
quency occurring at approximately 450 Hz. As shown in Table 1,
the inductance value required for proper tuning was higher than
many commercially available inductors. Rather than attempting to
obtain a passive inductor, a synthetic type inductor was con-
structed out of active components. Synthetic inductors were used

2 4 6 8 10 12 14

x 10
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x 10
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a
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ry

Method II

Table 1 Parameter estimates from circle-fit of piezostructure
receptance data

Method 1 Method 2

�n 449.92 Hz �n 449.92 Hz
� 0.0014 � 0.0015
G 0.0023 N2 /kg2 V2 G 0.0027 N2 /kg2 V2

Capacitance 8.0710−8 F Capacitance 8.0010−8 F
Inductance 1.55 H Inductance 1.56 H
Resistance 321.40 � Resistance 347.57 �
both impedance measurement techniques
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o obtain the impedance match in resonant shunting by numerous
uthors �22,8,9,23–26�. Synthetic inductors, or gyrators, are a sub-
et of generalized impedance converters. Generalized impedance
onvertors are active circuits constructed from resistors, capaci-
ors, and operational amplifiers that can synthesize inductors and
requency dependent negative resistors �27�. There are many
ariations of synthetic inductors, and for this work, the author
nvestigated two types: the generalized impedance converter
imulated inductor of Franco �27� and the Riordan gyrator �28�.
he Riordan gyrator was used for the tests presented in this
ection.

The Riordan gyrator has the form of the circuit shown in Fig.
2. Circuit analysis shows that the input impedance of the device
s

Zin =
Z1Z3Z5

Z2Z4
�42�

Making either Z2 or Z4 as a capacitor and all other impedances
s resistors, the input impedance emulates a pure inductance of

Table 2 Properties of cantilevered steel beam

ensity 7700 kg /m3

odulus 20.5e10 N /m2

ength 0.551 m
idth 0.050 m

hickness 0.002 m

2.5

7.6

Disturbance

Fig. 11 Tes

Z1

Z2

Z5

Z4

Z3
Fig. 12 Riordan gyrator circuit
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value CR�, where R� is the remaining combined resistance.
Choosing Z3 to be a variable resistor allows a range of inductance
values for a given capacitance. Proper design of the synthetic
inductor of the inductance value given in Table 1 required the
impedances listed in Table 3.

4.2 Results. After tuning the inductor and assembling the
shunt circuit with the proper value of resistance �see Table 1�, the
test rig was excited with a wideband white noise signal. The wide-
band results are plotted in Fig. 13. The tuning, based on the tuning
laws of the preceding sections, along with the modal analysis
system identification technique previously discussed, are shown to
be very effective for use with the series RL resonant shunt design.
The measured attenuation was found to be 24 dB.

5 Conclusions
A complete development and explanation of the dynamics of

the resonant shunted piezoelectric has been presented from a
unique controls systems based perspective. Through comparison
with its mechanical root, the tuned proof-mass absorber, a full
analysis has been presented that develops the series RL shunt
from the core dynamics to the new tuning techniques. Experimen-
tal results verify the theoretical claims, and a few basic core truths
regarding such shunts are presented and explained. These are as
follows.

• The relation of coupling to system performance with par-
ticular detail to its upper limit.

• The explanation of why the coupling for a particular piezo-
electric element at a particular location on a structure is a
fixed quantity with a distinct ceiling.

• The emphasis on proper tuning in order to realize the maxi-

Table 3 Impedance values used for Riordan gyrator

Z1 3320 �
Z2 100.6 nF
Z3 1 k�–10 k�
Z4 10 k�
Z5 10 k�

25.3

29.8

55.1

5.0

Shunted Piezoelectric
zoelectric

Note: All dimensions in cm

schematic
Pie
mum performance of a particular shunt.
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