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This paper discusses the effects of fluid loading on structures at low Reynolds numbers, a regime
commonly found in the case of atomic force microscope cantilevers. In order to provide insight to
the problem, the effect of fluid loading is analyzed from a feedback/systems approach, a perspective
that considers the response of the fluid loaded system using the open-loop characteristics of the in
vacuo cantilever and hydrodyamic effects. Increased mass ratio is shown to increase the bandwidth
of the fluid-structure feedback loop with corresponding decrease in system quality for high fluid
loading. The nondimensional natural frequency plays the role of a Reynolds number and determines
the phase margin of the system. An analysis of the frequency response of the fluid loaded system,
using the fluctuation-dissipation theorem, shows the fluctuating force is not spectrally white, but is
related to the imaginary part of the hydrodynamic function. The mean potential energy of the
cantilever is shown to be 1

2kBT, however, the kinetic energy is shown to be less than this value,
decreasing with increasing fluid loading. © 2007 American Institute of Physics.
�DOI: 10.1063/1.2429726�

I. INTRODUCTION

Scanning probe methods are an important technique for
investigating sample surfaces.1,2 Similarly, single molecule
techniques3 have provided insights into the structure and
characteristics of intermolecular and intramolecular bonds.
With the progression of nanotechnology to ever smaller di-
mensions and increasingly shorter time scales, the dynamics
of the instruments used to probe nanoscale events becomes a
determining process for measurement and control. In the
case of the atomic force microscope �AFM�, the probe’s
natural frequency and damping define the limits of scanning4

and, with the development of active cantilevers5,6 and feed-
back control,7–9 the limits of single molecule experiments.

Necessarily, many uses of the AFM are performed in
fluid, and the interaction of the cantilever with the fluid en-
vironment strongly influences the dynamics of the instru-
ment. This fluid structure interaction is well appreciated, and
many researchers have provided analytical and experimental
investigations of the problem to varying levels of
complexity.10–13 A common first approach assumes the can-
tilever behaves as a simple harmonic oscillator �SHO� with
damping supplied by Stokes drag14 or assumed Rayleigh
damping models.15 Fluid mass loading results in a shift of
the SHO’s natural frequency.13 Multimode models using
these approaches are straightforward.12 The primary short-
coming of these models is that the mass loading and viscous
losses are not constant with frequency, and the fluid-structure
interaction results in a system considerably more complex

than the SHO model. In the case of light fluid loading, such
models do provide results in agreement with experiment;16

however, for the case of heavy fluid loading, a situation com-
mon with long, low-stiffness cantilevers, these models do not
adequately describe the problem. Sader11 provides a more
detailed multimode model of the fluid-structure interaction,
modeling the fluid loading with a hydrodynamic function.
This model has been shown to be in good agreement with
experiment for a variety of fluids17 and adequately describes
the heavy fluid-loading �low quality� case. In the limit of
light fluid loading, Sader shows his model to be similar to
earlier SHO models.

The thermal response defines the accuracy of AFM in-
struments and is determined by the thermodynamic interac-
tion of the cantilever with its environment, that is, the fluid.
The following two thermodynamic principles describe the
interaction of the cantilever and the fluid:

�1� Equipartition. The fluid molecules collide with the
probe, resulting in a persistent, fluctuating force that
maintains a mean-squared response in agreement with
the equipartition theorem. The equipartition theorem
holds for any linear systems in equilibrium. This re-
quires independent quadratic terms in the energy to be
1
2kBT, a well known principle and well
appreciated,11,18,19 implying a mean total energy for a
harmonic oscillator of kBT. However, for the fluid
loaded case we will find the kinetic energy of the canti-
lever is no longer 1

2kBT, but decreases with increasing
fluid mass loading.

�2� Fluctuation-Dissipation. Fluctuations away from equilib-
rium must be balanced by viscous losses. In agreement
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with this fact and the equipartition theorem, the
fluctuation-dissipation theorem describes the power
spectral density of the fluctuating force, which is propor-
tional to the real part of the hydrodynamic
impedance.20–22

This paper discusses the effects of fluid loading on AFM
cantilevers. In order to provide insight to the problem, the
effect of fluid loading is analyzed from a systems/feedback
approach, a perspective that evaluates the response of a
closed-loop system using the open-loop dynamics. For the
fluid loaded cantilever, this means that the fluid loaded re-
sponse does not have to be calculated but can be evaluated
using the in vacuo cantilever and hydrodynamic effects di-
rectly. The thermal response is analyzed, and the thermody-
namic requirements of the equipartition theorem and the
fluctuation-dissipation theorem are satisfied.

II. A MODEL OF FLUID-STRUCTURE INTERACTION

In this section, we discuss the effects of fluid loading on
the dynamic response of a cantilever. The approach taken
here models the fluid-structure interaction as a feedback pro-
cess. The methods are common in the analysis of feedback
control systems.23 Here, the hydrodynamic forces acting on
the cantilever are interpreted as feedback loads to the struc-
ture. An advantage of this approach is that the response of
the �closed-loop� fluid loaded structure can be determined
from the cantilever’s �open-loop� in vacuo characteristics
and the hydrodynamic function, and that the fluid loaded
response does not have to be calculated directly. More im-
portantly, it isolates the effects of mass loading �gain� and
Reynolds number24 �frequency�, facilitating their relative ef-
fects on the fluid loaded cantilever.

A. The structural model

The structural model developed here is fundamentally a
modal model. To better illustrate the effect of beam geometry
and fluid parameters on the fluid loaded system, we will
model the cantilever as an Euler-Bernoulli beam with con-
stant cross section; the appropriate assumptions are made.
Furthermore, we will neglect torsional motion out of conve-
nience, although the approach taken here could be directly
applied to such problems if a rotational hydrodynamic func-
tion can be determined �see, e.g., Ref. 25�. Also for conve-
nience, we will also assume that the structural damping in
the cantilever beam is negligible.

We begin this discussion with the transverse wave equa-
tion of the cantilevered beam

EI
�4w

�x4 + �
�2w

�t2 = u , �1�

where E is the beam’s �composite� Young’s modulus, I is its
second area moment, and � is its mass per unit length, w is
its transverse motion, x is the spatial coordinate along the
length of the beam, and u is the total force per unit length
acting on the beam. The boundary conditions are the
clamped-free conditions,

w�0,t� = 0, w��0,t� = 0,

w��l,t� = 0, w��l,t� = 0. �2�

The homogeneous wave equation yields mode shapes

�n�x� = �cos �nx − cosh �nx�

+
cos �nl + cosh �nl

sin �nl + sinh �nl
�sinh �nx − sin �nx� , �3�

with the wave number �n satisfying the characteristic equa-
tion

cos �nl cosh �nl = − 1 �4�

and the dispersion relation

�n
2 =

EI

�
�n

4. �5�

The total motion of the beam is the linear combination of all
modes,

w�x,t� = �
n

�n�x�qn�t� , �6�

where the modal amplitudes are

qn = ��n,w� . �7�

The inner product is defined to be

��,�� =
1

l
�

0

l

��x���x�dx , �8�

with the important identities ��i ,� j�=�ij �orthogonality� and
��i

�4� ,� j�=�i
4�ij.

B. The fluid loading

The effect of the fluid on the structure is twofold: fluc-
tuating forces resulting in random motion and hydrodynamic
forces �viscous and inertia� that directly affect the dynamics
of the cantilever,

u = ũ + uh. �9�

The first effect, the random motion of the beam, is due to
high frequency collisions of molecules in the fluid with the
beam resulting in thermal motion. The forcing of the beam is
described by the fluctuating force per unit length ũ. The
spectrum of this force is discussed in Sec. IV. The force ũ
describes the transfer of momentum between the fluid mol-
ecules and the beam. The conservation of momentum re-
quires that this force is related to the velocity of fluid mol-
ecules and the velocity of the beam itself. Since the beam’s
motion is a function of position, x, so is the fluctuating force.
ũ can be expanded as a linear combination of the mode
shapes

ũ�x,t� = �
n

�n�x�ũn�t� , �10�

where the modal fluctuating length specific forces are

ũn = ��n, ũ� . �11�

The second effect, the hydrodynamic forces, results in
inertial and viscous forces related to the dynamical motion of
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the beam through the fluid. We will assume the hydrody-
namic forces are a linear function of the beam’s displacement
�and temporal derivatives�; this assumption is valid since the
motion of the beam is assumed to be small and nonlinear
effects can be neglected. A general description of these hy-
drodynamic loads is

uh�x,t� = − ���
0

t

h���ẅ�x,t − ��d� . �12�

This relationship is assumed to be independent of location.
We can expect this to be true since microcantilevers operate
below the coincidence frequency;26 in other words, the size
of the structure is much less than the acoustic wavelength of
the fluid in which the cantilever is immersed: 	100 �m in
length versus �
15 mm in water �100 kHz�. In the Laplace
domain, the hydrodynamic function takes the form

uh�x,s� = − ��s2H�s�w�x,s� , �13�

where

H�s� = �
0

	

h���e−s�d� �14�

is the so-called hydrodynamic function, and is a nondimen-
sional transfer function between the hydrodynamic load and
the acceleration of the beam at that location,

uh�x,s�
��ẅ�x,s�

= − H�s� , �15�

with added mass loading with mass per unit length ��
=
�b2 /4. The dimension b is the dominant length scale for
the problem under investigation: beam diameter for a circu-
lar cross section or beam width for a rectangular cross sec-
tion.

In general, it is difficult to determine analytical expres-
sions for H�s� for the entire complex plane. The case of
harmonic motion is recovered when evaluated on the j�
axis, and some important cases have been solved
analytically.27 Clearly, the hydrodynamic function must be
causal, and H�s� must be analytic for Re�s��0. Also, the
inverse transfer function, H−1�s�, relating force inputs to ac-
celeration output must be analytic for Re�s��0. Thus, H�s�
is a minimum phase transfer function. In the common cases
of circular and rectangular cross sections, it can be shown28

that as s→0, H�s�	�s log s�−1 resulting in a simple pole at
the origin; at high frequencies, s→	, H�s�	1.

For a beam with circular cross section, an analytical ex-
pression for H�s� is known,27

Hcirc�s� = 1 +
4K1��s̄�
�s̄K0��s̄�

, �16�

where s̄=�sb2 / �4� is a nondimensional Laplace variable; �
is the fluid density and  its viscosity. The corresponding
nondimensional angular frequency

�̄ =
��b2

4
�17�

plays the role of a Reynolds number in this problem. In the
sequel, all frequencies will be so normalized; explicit nota-
tion will be omitted unless necessary.

Analytical results for a rectangular cross section are im-
practical and difficult. A reasonable simplification is to ap-
proximate the rectangular result with a zero thickness beam,
a valid assumption if the beam width greatly exceeds its
thickness. Analytical results for this case do exist,29 and nu-
merical solutions for the harmonic case have been found.28

Sader11 offers a convenient solution for the harmonic case
�see Fig. 1� and provides a correction function ���� such
that

Hrect�j�� = ����Hcirc�j�� . �18�

The correction function ���� is expressed as a rational func-
tion in log10 � and satisfies certain asymptotic conditions.
While this solution does not describe Hrect throughout the
entire complex plane, it does provide a suitably accurate so-
lution on the j� axis and is sufficient for the techniques
discussed in this paper. If necessary suitable analytic exten-
sions could be made.

C. The combined fluid-structure model

The combined effect of the fluctuating and hydrody-
namic forces results in the governing equation in the Laplace
domain of

EI
�4�

�x4 + �s2w = ũ − ��s2H�s�w , �19�

which upon taking the inner product with �n and multiplying
by length l yields the governing equation for the nth cantile-
ver mode,

FIG. 1. A Bode plot of the hydrodynamic function for a rectangular beam.
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�ms2 + kn�qn�s� = f̃ n�s� − m�s2H�s�qn�s� . �20�

The modal mass, m=�l, and stiffness, kn=EI�n
4l, are related

to the natural frequency of the nth cantilever mode, �n
2

=kn /m. The modal force f̃ n= lũn is the energy conjugate to
modal displacement qn. The added mass is m�=��l. Dividing
by m further simplifies the equation of motion to

�s2 + �n
2�qn�s� = �n

2x̃n�s� − �s2H�s�qn�s� . �21�

The system is driven by an equivalent random displacement

x̃n= f̃ n / �m�n
2�, and the fluid loading is parametrized by the

mass ratio �=�� /�.
The fluid loaded response depends upon two parameters:

the in vacuo natural frequency, �n, and the mass ratio, �. The
nondimensional natural frequency is the Reynolds number
for the problem. A typical AFM cantilever �b=10 �m� with
natural frequency of 50 kHz in air has a Reynolds number
0.31; in water the Reynolds number is 5, an increase by a
factor of 16. The transition from air to water has an even
greater effect on the mass ratio which increases from 2.9
�10−3 to 2.4, a factor of 830. We will see that the mass
loading has the greatest effect on the fluid loaded dynamics.
This is the topic of the next section where we take a feedback
analysis approach to understand the effects of changing Rey-
nolds number and mass ratio on cantilever dynamics.

III. A FEEDBACK ANALYSIS OF FLUID LOADING

The fluid loaded system can be viewed as a feedback
system with the fluid loading acting on the in vacuo cantile-
ver via the “feedback controller” of the hydrodynamic func-
tion to modify the dynamics of the �closed-loop� fluid loaded
system; see Fig. 2. In this discussion we will use terms com-
mon to systems and control theory.23 The open-loop system
is the in vacuo cantilever with open-loop transfer function

G�s� =
�n

2

s2 + �n
2 . �22�

The hydrodynamic function plays the role of a controller in
this system with

K�s� = �
s2

�n
2H�s� , �23�

and the system loop gain is

L�s� = G�s�K�s� = �
s2

s2 + �n
2H�s� . �24�

The poles of the fluid loaded system are determined by the
characteristic equation for the fluid loaded system,

1 + L�s� = 0 ⇒ s2 + �n
2 + �s2H�s� = 0. �25�

Since H�s� is not necessarily a rational transfer function, the
poles of the fluid loaded system are not necessarily discrete,
but may instead be branch cuts. This fact underscores the
limitations of the SHO model. It is easily shown that the
closed-loop system is stable for all choices of �n and �, as
should be expected.

The frequency characteristics of the loop gain determine
the closed-loop frequency response of the fluid loaded sys-
tem. It is insightful to interpret the loop gain as a product of
the in vacuo accelerance

G1�s� =
s2

s2 + �n
2 �26�

and the hydrodynamic function H�s�. Thus, changes in the in
vacuo natural frequency �Reynolds number�, �n, moves the
accelerance along the frequency axis, determining the fre-
quency range in which the fluid-loading process takes place.
The mass ratio directly determines the gain of the loop gain.

The closed-loop system is the fluid loaded cantilever
with the response

qn�s�
x̃n�s�

= P�s� = G�s�S�s� =
�n

2

s2 + �n
2 + �s2H�s�

, �27�

where the sensitivity S is

S�s� =
1

1 + L�s�
=

s2 + �n
2

s2 + �n
2 + �s2H�s�

. �28�

The peak of the frequency response of the fluid loaded
system occurs near the peak of the sensitivity �not shown�,
which occurs near the loop-gain’s crossover frequency, �c,
the frequency where the magnitude of the loop gain is unity:
�L��c��=1. As can be seen in Fig. 3, two crossover frequen-
cies can occur, and the difference between them determines
the bandwidth of the system. The lower frequency is the
frequency of interest since the phase there is closer to 
 and
the loop gain is closer to the critical point. When a cantilever
is in air ��1 and the loop gain is greater than unity only in
a narrow bandwidth centered about the natural frequency.
The quality of the resulting fluid loaded resonator is directly
related to the control bandwidth, with increased bandwidth
resulting in decreased quality. Hence, for the light fluid-

FIG. 2. �a� A block diagram of the fluid loaded structure showing the feed-
back effect of fluid loading on the structure’s displacement. �b� An equiva-
lent loop that is a product of the in vacuo accelerance and the hydrodynamic
function.
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loading case, the fluid loaded system is of high quality; see
Fig. 4. If the cantilever is then placed in water, the Reynolds
number increases causing the gain of the hydrodynamic
function to drop only slightly. For Reynolds numbers near 1,
the hydrodynamic function decreases by a factor of 	3
�9.5 dB�. However, the mass loading increases by a factor of
830 �58 dB�. The overall loop gain increases by 276 �49 dB�,
and the attendant increase in bandwidth results in a corre-
sponding decrease in the resonator’s quality; see Fig. 4.
Thus, for this feedback interpretation, a decrease in system
quality as a probe is moved from air to water is primarily a
result of the increase in the mass ratio and the corresponding
change in the loop gain that determines the quality of the
fluid loaded system.

The Reynolds number is important since it is the primary

determinant of the phase of hydrodynamic function and,
hence, the phase margin of the closed-loop system, which
also affects system quality. At very low Reynolds numbers,
the phase margin is nearly 90°. In this range, mass loading is
small, the fluid loading is predominantly viscous, and the
effect of fluid loading is similar to velocity feedback. As the
Reynolds number is increased, the phase margin decreases to
about 45° near �n=2 and to zero at the high frequency limit.
In the high-frequency range, the viscous loading is small, the
fluid loading is predominantly inertial, and the effect of fluid
loading is similar to acceleration feedback. This case results
in high quality closed-loop systems with mass loading result-
ing in significant changes in the closed-loop resonance.

IV. THE THERMAL RESPONSE

The medium in which the cantilever is immersed is a
thermal bath at temperature T. At thermal equilibrium, the
fluid molecules collide with the probe. This fluctuating force
maintains a mean-squared response in agreement with the
equipartition theorem and requires the modal potential en-
ergy to be 1

2kBT. To gain insight into the spectrum of this
fluctuating force, we must turn to the fluctuation-dissipation
theorem,20 which specifies that the power spectral density of
the fluctuating force is determined by the viscous losses.

A. Mean-squared modal response

The transfer function from the modal force f̃ n to the
modal amplitude qn is the generalized susceptibility,

qn

f̃n

=
P�j��
m�n

2 . �29�

From the fluctuation-dissipation theorem, the mean-square
modal displacement is

�qn
2� = −

2kBT

m�n
2 �

−	

	 Im P�j��
�

d�

2

=

kBT

m�n
2 . �30�

The second equality follows from the dispersion relation-
ships since  Im P�j�� /� d�= P�0�=1 �see the Appendix�.
Similarly, the mean-square modal velocity is

�q̇n
2� =

2kBT

m�n
2 �

−	

	

� Im P�j��
d�

2

. �31�

The integral

�
−	

	

� Im P�j��
d�

2

= �

−	

	 �2 Im P�j��
�

d�

2


= lim
s→	

s2P�s� =
�n

2

1 + �H	

, �32�

where H	=lims→	H�s�	1. Thus, the mean-square modal
velocity is

�q̇n
2� =

kBT

m�1 + �H	�
. �33�

FIG. 3. A Bode plot of the fluid loaded response P �solid� as a function of
the loop gain L �dashed�. The loop-gain is the product of the in vacuo
accelerance �G1 �dash dot� and the hydrodynamic function H �dotted�.

FIG. 4. The loop gain L and closed-loop system P for a cantilever with in
vacuo natural frequency 50 Hz in air and in water: P in air �solid�, L in air
�dashed�; P in water �dot dash�, L in water �dotted�.
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B. Modal energy

As expected, the mean-square displacement and poten-
tial energy are constant, depending only upon the character-
istics of the beam and the temperature of the bath. However,
the result for mean-squared velocity shows that as the mass
ratio is increased the mean-squared velocity and kinetic en-
ergy of the beam goes to zero. The average energy in the nth
cantilever mode is

�En� =
1

2
m�q̇n

2� +
1

2
kn�qn

2� =
kBT

2
�2 + �H	

1 + �H	
� . �34�

For low mass loading, �H	�1, the average energy is kBT
with the mean kinetic and potential energies being equal. As
the mass ratio is increased, the average energy decreases to
1
2kBT, equal to the mean potential energy of the beam. The
mean kinetic energy is small relative to the mean potential
energy. When interpreting the equipartition theorem, it is
easy to assume that the kinetic and potential energies of the
beam are independent and, furthermore, independent of the
thermal energy of the fluid. This incorrect assumption would
make the potential and kinetic energies each 1

2kBT. However,
while the displacement of the beam is independent of ther-
mal motion of the fluid, the motion of the beam results in a
bulk velocity of the fluid. This bulk velocity must be consid-
ered in the Hamiltonian of the fluid when evaluating the
equipartition theorem. The bulk fluid inertia contributes the
balance of the kinetic energy, 1

2kBT�H	 / �1+�H	�, making
the kinetic energy of the cantilever-fluid system 1

2kBT, a nec-
essary requirement for a linear system at equilibrium.

C. Modal power-spectral density

From Eq. �30�, the autospectrum of the nth cantilever
mode is

Sqq,n��� = −
2kBT

m�n
2

Im P�j��
�

. �35�

It is straightforward to show for the fluid loaded plant, P
=G / �1+L�, that

− Im P�j�� = �P�j���2�Im G−1�j�� + Im K�j��� . �36�

Using this result, the thermal response of the nth cantilever
mode is

Sqq,n��� = �P�j���2Sf f ,n��� , �37�

where Sf f ,n is the autospectrum of the fluctuating force f̃ n,

Sf f ,n��� =
2kBT

m�n
2 � Im G�j��−1 + Im K�j��

�
� . �38�

There are two contributions to the thermal response of the
nth cantilever mode. The first contribution results from the
inherent damping in the cantilever structure. If we assume
nonzero damping for the cantilever, then the open-loop plant
is

G�s� =
�n

2

s2 + 2��ns + �n
2 �39�

and

Im G−1�j�� = 2��/�n. �40�

The second contribution results from the viscous losses rep-
resented by the imaginary part of the hydrodynamic function,

Im K�j�� = − �
�2

�n
2 Im H�j�� . �41�

Note that Im H�j���0 for ��0. The overall expression for
the autospectrum of the fluctuating force is

Sf f ,n��� =
2kBT

m�n
2 � 2�

�n
− �

�

�n
2 Im H�j��� . �42�

Since the modes are independent, the mean square dis-
placement is

�w�x�2� = �
n

�n�x�2�qn
2� �43�

and has autospectrum

Sww�x,�� = �
n

�n�x�2Sqq,n��� . �44�

D. Modal bandwidth

In Sec. III, the effect of mass loading on the closed-loop
system bandwidth was discussed, with increasing � resulting
in a lower crossover frequency and lower closed-loop band-
width. We can formalize this concept more by defining for
the nth cantilever mode

���n�2 �

�
−	

	

�2Sqq,n���d�

�
−	

	

Sqq,n���d�

=
�q̇n

2�
�qn

2�
=

�n
2

1 + �H	

. �45�

This is a measure of the bandwidth of the mode, and we see
directly the effect of increased mass loading on the system
bandwidth.

V. SUMMARY AND CONCLUSIONS

The effect of fluid loading on the dynamics of AFM
cantilevers must account for not only viscous forces but also
mass loading as fluid in the vicinity of the probe is acceler-
ated. In this paper, we describe the fluid/structure interaction
as a feedback process between the in vacuo cantilever and
the hydrodynamic forces of the fluid in which the cantilever
is immersed. The loop gain resulting from this interaction is

L�s� = �
s2

s2 + �n
2H�s� �46�

and can be interpreted as the product between the in vacuo
accelerance G1�s�=s2 / �s2+�n

2� and the hydrodynamic func-
tion H�s�, which acts as a “feedback controller” affecting the
dynamics of the closed-loop system. The mass ratio, �, de-
termines the gain, which in turn determines the bandwidth of
the feedback loop and the quality of the fluid loaded system.
The Reynolds number, �n, determines the frequency range in
which this feedback process occurs, affects the phase margin
of the closed-loop system, and closed-loop quality as well.
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The thermodynamic requirements of the equipartition
and the fluctuation-dissipation theorems determine the mean-
squared response of the cantilever motion and its power
spectral density. The mean-squared position and velocity of
the nth cantilever mode is

�qn
2� =

kBT

m�n
2 , �q̇n

2� =
kBT

m�1 + �H	�
. �47�

The fact that the mean-squared velocity is less than 1
2kBT is a

result of the mass loading of the cantilever, which causes the
fluid to possess a bulk motion in addition to its thermal mo-
tion. This bulk motion is not independent of the motion of
the cantilever. The mean-squared energy of the nth cantilever
mode is

�En� =
kBT

2
�2 + �H	

1 + �H	
� �48�

and goes from kBT at low mass loading to 1
2kBT at high mass

loading. Finally, we offered a measure of the fluid loaded
bandwidth,

��n =
�n

�1 + �H	

, �49�

which is in agreement with the results found in the feedback
analysis and is closely related to similar SHO results by
Sader �see Eq. �33� in Ref. 11� although the result given here
is general.

APPENDIX: DISPERSION RELATIONS

The dispersion relations, also known as the Kramers-
Kronig relations,20 relate the real and imaginary parts of an
analytic function by integral equations. They are a conse-
quence of causality.

Assume f�s� is analytic in the open right-half plane
�RHP� �Re s�0� with countable poles on the j� axis and
f�s�→0 uniformly in the closed RHP as �s�→	. On the
imaginary axis, let the real and imaginary parts of f�j�� be

f�j�� � u��� + jv���, � � R �A1�

then

u��0� = −
1



PV�

−	

	 v���
� − �0

d� , �A2�

v��0� =
1



PV�

−	

	 u���
� − �0

d� , �A3�

where PV denotes the Cauchy principal value; u��0� and
v��0� are Hilbert transforms of each other.
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