ME 406
Further Results for the Project:

Analysis of Solution Near the
Spiral Equilibrium for a=20

m 1. Introduction
sysid; plotreset; intreset; imsize = 250;
Mathematica 6.0 .3, DynPac 11.02, 4102009

In this notebook, we look at the solution of the project problem in the neighborhood of the equilibrium
(1,1), where the Hopf bifurcation occured for the parameter value a = 0. Here we study the solution in detail for
a = 0. This is not essential in studying the bifurcation, but the solution turns out to be an interesting slow
nonlinear spiral, and we can predict analytically the rate of the spiral decay. The equations of the system are

¥=x+y-xy-y, andy = x- 3y +xy+)°

Now we define the system for Mathematica.

setstate[{x, y}]; slopevec={x+y-xy -y?, x-3y + Xy + yz};
setparm[{}]; sysname = "Slow Spiral";

We find the equilbria.
findpolyeq
{{0, 0}, {1, 1}}

As discussed in the original solution notebook, it is easy to show that these are the only equilibria. We classify

the equilibrium at {1,1}:

classify2D[{1, 1}]

Abbreviations used in classify2D
L = linear , NL = nonlinear , R2 = repeated root .
Z1 = one zero root , Z2 = two zero roots .

This message printed once.

stable HLL, indeterminate HNLL - center
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It is a center in the linearization, and indeterminate for the full nonlinear system. We suspect the equilibrium is a
slow nonlinear spiral. We carry out a long integration for an initial point near the equilibrium.

initvec = {1.05, 1}; t0=0.0; h=0.01; nsteps = 10000;
soll = integrate[initvec, t0, h, nsteps];

plrange = {{.9, 1.1}, {.9, 1.1}};

graphl = phaser[soll]
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The thickening does suggest a very slow spiral, but we can't tell from the picture whether the spiral is in or out.
We look at the last point calculated:

lasttx
{100. , 1.01879 , 0.955321 }
We integrate again, starting with this value.

sol2 = integrate[lastx, lastt, h, nsteps];

setcolor[{Red}];
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graph2 = phaser[sol2]
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show[graphl, graph2]
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Looks like our spiral is heading in. We are now going to make a much more detailed study of the flow near the
equilibrium at {1,1}. In particular, we will get an analytical estimate of the slow shrinking of the nearly circular
orbit.
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2. Some Numerical Results

We start our official study by moving the {1,1} equilibrium to the origin. We call the transformed
coordinates u and v: henceu=x-1and v=1y - 1. A function which does this is lintransorg[org, newstate].
Here org is the vector location of the point in the old system which is to become the origin in the new system,
and newstate gives the names of the components of the statevector in the new system.

lintransorg[{1, 1}, {u, v}]; sysname = "Slow Spiral";

sysreport

SYSTEMDEFINITION H11.02 L

System name sysname = Slow Spiral

State vector : statevec = 8u, v<
State units : stateunits =8, <
Slope vector : slopevec = 9-vHu+v+2L, v?+uHv+2L=

Parameter vector : parmvec = 8<

Parameter values : parmval = 8<

Parameter units vector : parmunits = 8<
Time unit : timeunit =

System Type: sysmode = differential equation

findpolyeq
{{' 11 '1}! {O! 0}}

As expected, both equilibria have been shifted by {1,1}. In this new system, the Hopf bifurcation point is {0,0}.
We check the nature of the equilbrium there:

classify2D[{0, 0}]
stable HLL, indeterminate HNLL - center
The exact equations are now

2 2

Uu=-2v—-uv-—vS,v=2u+uv + v
If we are close to the equilibrium, we may drop the nonlinear terms to get the linearized system

u=-2v,v=22u.
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The solutions of the linearized system are periodic with period r, and the orbits are circular. Our speculation is
that if we put back the nonlinear terms, then when we are close to the origin those terms will be so small that the
orbits will remain nearly circular, but will shrink very slightly with each rotation of the system point. We will
track this shrinking first numerically, and then, in the next section, analytically.

We start by constructing the manifolds from the saddle at {-1,-1}. They play a role in determining what hap-

pens.
setcolor[{Black}];
graph3 = saddleportraitman[{-1, -1}, {{-2, 2}, {-2, 2}}]
Slow Spiral

1%
2 -

This is suggestive of a slow stable spiral. We will now examine the region close to the equilibrium, in which the
orbits should be near circles. We start at {0.1, 0}, and do a long integration.

soll = integrate[{0.1, 0.0}, 0.0, 0.01, 5000];

plrange = {{-0.2, 0.2}, {-0.2, 0.2}};
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graph4 = phaser[soll]

Slow Spiral
\%

0.2

0.2l

We continue the integration, and plot the result in red.

sol2 = integrate[lastx, lastt, 0.01, 5000];

setcolor[{Red}];
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graph5 = phaser[sol2]
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show[graph4, graph5]
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As we expected, the orbits are very nearly circular, but also drift inward very slowly. Our next task is to predict
this inward drift analytically.
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3. Analytical Theory of Inward Drift

A standard method for getting analytical approximations to slow spirals is the method of averaging. In
this particular case, the method gives zero for the rate of shrinking. It is possible that a higher order theory or a
modification would work, but it is simpler to use another method. We introduce polar coordinates r and 8 and
then develop an approximate theory to give us 7. We have u = r cos(f) and v = r sin(d). The function polartrans

will calculate the slope vector in these new coordinates without changing the original system:

newslope = polartrans[u, v, r, 6]
1 : . . :
{Erz (Sin [q] - Sin [3q]), 2+r Sin [q] (1+Sin [2q1)}

The equations in the polar coordinates are then
r= %rz(sin(e) - sin(36)), =2+ rsin(6)(1 + sin(26)) .
We may combine these to get an equation for the orbit:

dr 72 sin (8) — sin (3 6)
dd 4 1+ (r/2)sin(@ 1 + sin(26))

If we expand 1/ denominator for » small, we get

dr r? r
5 = 7 (@ ~sin(36) — = in(®) ~ sinGO) in @) (1 + sin26)) + o (r*)

We now use this expression to calculate the change in r as 6 increases by 2. Because this change is at least as
small as O() (it turns out to be O(r°), it is much smaller than r itself. So we may keep r fixed during this

integration. We get

Ar= 02"3—; de= g fozpsin(e) (sin(0) — sin(3 0)) (1 + sin(26)) dO + OG%) .

Here we have used the fact that the 72 term integrates to zero. The remaining integral is
Integrate[Sin[6] (Sin[6] -Sin[36]) (1 + Sin[286]), {6, 0, 2 7}]

p

So Ar =-(n 13 / 8). From the 6 equation, we see that the angular frequency is 2, so the time elapsed for Af = 27

is At = 7. If we now use the symbol r to denote the average radius, we have

dr Ar I
dr

At 8
This is a differential equation for the mean radius. We solve this subject to the intial condition r = rgat time ¢ =
0. We get
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ro
1+ (r51)/4

An alternative form which will be useful in the next section is a formula for the time required to go from r to ro:
1 1
t=4|—-—|.
N

m 4. Comparison of Numerical and Analytical Results

We use our formula to calculate the time required for the orbit to shrink from ro= 0.1 to r = 0.075. This

time is
4 (1/(0.075)%2 - 1/ (0.1) ~2)
311.111
Now we carry out a numerical integration over this time. We use a time step of 0.01.
testsol = integrate[{0.1, 0}, 0.0, 0.01, 31111];
For convenience in examining the solution, we use transol to transform the solution list to a list of t and r values.
modtestsol = transol [testsol, { u? + v? }] ;
Last [modtestsol]

{311.11 , 0.0743349 }

This appears to be quite good -- only about 1% low. We will test one more value. We let the final value of r be
0.05. Then our formula says that the time required is

4 (1/(0.05)"2 - 1/(0.1)~2)
1200.
Now the integration.

testsol2 = integrate[{0.1], 0}, 0.0, 0.01, 120000];

modtestsol2 = transol[testsolz, { u? + v? }],

Last [modtestsol2]

{1200. , 0.0507056 }

Again a good result -- only a little over 1% error. The utility of the simple asymptotic formula is clear -- in this
case it replaced a 120000 point integration.



