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Assignment #7 Solutions

sysid

Mathematica 6.0 .3, DynPac 11.02 , 3/2/2009

intreset ; plotreset ; imsize = 250;

m Problem 1
The system under consideration is X =Y - 2X, y =u + X>- Y.

(a) The nullclines are the curves y = 2X, and y = u + X*>. The X nullcline doesn't depend on y. It is a fixed straight
line. The Yy nullcline is a parabola, which shifts vertically as ¢ changes. Clearly for u large enough, the parabola
will be entirely above the line y = 2X, and there will be no equilibria. For u small enough, there will be two
intersections of the line and the parabola, hence two equilibria. For one particular value of u, the parabola and
the line will be tangent. First we find the details of these results analytically, and then graphically.

By combining the equations y = 2x and y = y + X* we get X>-2X + 41 =0, hence X=1 £ 4/ 1 — u . Thus for

u < 1, there are two equilibria. For u = 1, the line and the parabola are tangent and the two equilibria coalesce.
For u > 1, there are no real roots and hence no equilibria. Let's look at the pictures that show this. We define
graph[mu_] to give the plot of both nullclines for a given value of mu.

graph [mu_]: =

Plot [{2x, mu+ x?}, {x, -3, 3}, AxesLabel - {"x", "y"}, ImageSize - 250,
PlotLabel - Rowf {" Nullclines for u =", PaddedForm [my 11}1]

graph [0]

Nullclines for u = 0
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graph [1]

Nullclines for u =1
y
10 ¢

graph [2]

Nullclines for u = 2
y

10

x

Thus we see that there is a bifurcation at £ = 1. Because two equilibria annihilate one another there, it has to be
a saddle-node bifurcation.

(b) We define the system for DynPac.
setstate  [{x, y}]; setparm [{u}]; slopevec ={y - 2x, u + x*-y};
sysname = "Problem 1";

eq = findpolyeq

{{1—m,2(1— 17u)}, {1+m,2(1+ 17/,1)}}
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eql =eq[[1]]

{1—@,2(1— 1—;1)}

eq2 =eq[[2]]

{1+m,2(1+ 1—;1)}

eigval [eql]

eigval [eq2]

1 1

{f 3-]9+8J1-pu |, Z|-3+.]/9+8/1-p }
2 2

It is clear that for u < 1, eq2 is a saddle point and eql is a stable node. In the eigenvalues for eql, we can see

another bifurcation at

Solve Nmsm =0, u]
{{u--2])

When u drops below this value, the stable node changes to a stable spiral. We check a few specific cases.

parmval = {-0.5 };
classify2D  [eql]

Abbreviations used in classify2D
L = linear , NL = nonlinear , R2 = repeated root .
Z1l = one zero root , Z2 = two zero roots .

This message printed once.

strictly stable - spiral



Assignment# 7Sol.nb

classify2D  [eq2]

unstable - saddle

parmval = {-0.25 };

classify2D  [eql]

strictly stable - node

classify2D  [eq2]

unstable - saddle

parmval = {0}; classify2D [eql]

strictly stable - node

classify2D  [eq2]

unstable - saddle

parmval = {-17 /64}; classify2D [eql]
strictly stable - spiral -node transition (R2)
classify2D  [eq2]

unstable - saddle

parmval = {0.5 };

classify2D  [eql]

strictly stable - node

classify2D  [eq2]

unstable - saddle

parmval = {1};

classify2D  [eql]

stable (L), indeterminate (NL) - saddle -node trans
classify2D  [eq2]

stable (L), indeterminate (NL) - saddle -node trans
parmval = {1.5 };

eqgstateval [eql]

{1.-0.7071071, 2. -1.41421 1}

. (Z1)

. (Z1)
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eqgstateval [eq2]
{1.+0.707107 i, 2. +1.41421 1}
(c) We select a value of u in each of the qualitatively different ranges.

parmlist = {{-1.03}, {-0513}, {0.0}, {0513}, {151}};

We choose integration parameters for a bifurcation sequence.

t0 =0.0; h=0.02; nsteps =500; bothdirflag = True ;
rangeflag = True; plrange = {{-6.1, 6.1}, {-6.1, 6.1 }};
ranger = plrange ; bothdirflag = True ;

initset =

{{21 2}1 {21 O}v {21 _2}! {01 2}1 {_21 2}1 {_2! O}! {_21 _2}1 {Ov _2}}1

We construct a reference graph with dots at the equilibria -- red for unstable, blue for stable.

refgraphl =

Module [ {templ, temp2, temp3}, setcolor [{Red}]; ptsize =0.03;
display = False ; templ =dots [{eq2}]; setcolor [{Black }1;
temp3 = saddleportraitman [eq2, plrange , 2];
setcolor [{Blue }1;
temp2 =dots [{eql}]; display = True;
setcolor [{Black }1; {temp3, templ, temp2}]

refgraph2 =

Module [ {temp, temp3}, setcolor [{Red}]; display = False ; ptsize =0.03 ;
temp = dots [{eq2}],; setcolor [{Black }1;
temp3 = saddleportraitman [eq2, plrange , 2];
display = True ; setcolor [{Black }]; {temp3, temp}]

refgraph3 = {};

refgraph  : = Module [{mu}, mu= First [parmval ];
If [(mu<1), (refgraphl ), (If [(mu==1), (refgraph2 ), (refgraph3 )1)11]

arrowflag = True ; arrowvec = {1/2};
bifurc [initset , tO, h, nsteps , 1, 2, parmlist , refgraph 1]

Bifurcation sequence for parmlist = {{-1.}, {-051}, {0.}, {057}, {15}
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Problem 1 {u} = { —=1.00}




Assignment#7Sol.nb

Problem 1 {u} = { 0.00}

6

Problem 1 {u} = { 0.50}

6+

L X
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Problem 1 {u} = { 1.50}

6

m Problem 2

(a) The equations are

dx vt -y . Do yxe
DX XYl = Y-

We define the equation for Dynpac.
setstate [{X, Y}]; setparm [{a}];

slopevec = {X* (X% (L -X) -y), Y* (X-a)};
sysname =" PredPrey ";

The equilibrium points are

findpolyeq

{{o, 0}, {0, 0}, {1, 0}, {a, a-a’}}
There are three distinct equilibria. We name them.

nulleg = {0, 0}; allxeq = {1, 0}; coeq = {a, a» (1-a)};

Both nulleq and allxeq are relevant for any value of a. The state of coexistence, coeq, is relevant only for a> 1.
We look at the eigenvalues.
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eigval [nulleq 1]
{0, -a}

eigval [allxeq 1]
(-1, 1-a}
eigval [coeq ]

1
{— a-2a’-ay/-3+4a? a-2a’+ay-3+4a® }
2

The equilibrium allxeq is a saddle for a < 1, and a stable node for a> 1. The equilibrium nulleq doesn't yield to
linear analysis. However it is easy to see that it is unstable -- any perturbation with y = 0 and X> 0 grows. On
the other hand, any perburbation with X = 0 and y > 0 will decay along the y-axis, so this equilibrium is saddle-

1
, —
2

like in its behavior. The equilibrium coeq is a little harder to characterize. For a < vV 3/4 , the eigenvalues are
complex. The real parts are positive for a < 1/2, and negative for a > 1/2. Thus we have a transition from an
unstable spiral to a stable spiral as a increases through 1/2. This is a potential Hopf bifurcation, but we must

investigate that point further. For a = vV 3/4 the eigenvalues are real, equal and negative, hence a stable node.
For a = 1, one of the eigenvalues becomes zero, and the other is negative. For a > 1, one of the eigenvalues is

positive and one negative, hence a saddle. We summarize these results with a table.

Range nulleq allxeq coeq
0 < ac< % relevant |relevant | relevant
unstable [unstable | unstable
(saddle) | (saddle) (spiral)
% <ac< \[g_ relevant |relevant | relevant
unstable [unstable | stable
(saddle) | (saddle) (spiral)
% < a < 1 |relevant |relevant | relevant
unstable [unstable | stable
(saddle) | (saddle) (node)
1 <a relevant |relevant |irrelevant
unstable | stable unstable
(saddle) | (node) (saddle)

For 0 < a < 1/2, no equilibrium is an attractor. For 1/2 < a< m , coeq is the only point attractor -- a stable
spiral. For m <a< 1, coeq is still the only point attractor -- a stable node. For 1 < a, the only point attractor
is the state of pure prey. Given that there is no point attractor for 0 < a < 1/2 and given that coeq makes a
transition from an unstable spiral to a stable spiral as a decreases through 1/2, there is a very strong suggestion of
a supercritical Hopf bifurcation at a = 1/2, and hence a stable limit cycle for 0 < a < 1/2. We will use DynPac to
look for the limit cycle. We will start by setting a=0.45.

parmval = {0.45 };
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The equilibria are then located at

egstateval [{nulleq , allxeq , coeq}]

{{0, 0}, {1, 0}, {0.45, 0.2475}}

classify2D  [nulleq ]

stable (L), indeterminate (NL) - saddle -node trans . (Z1)

classify2D  [allxeq ]

unstable - saddle

classify2D  [coeq ]
unstable - spiral
plrange = {{0, 1.1}, {0, 1.1 }}; asprat = 1.0;
rangeflag = False ; bothdirflag = False ;
t0 = 0.0; h=0.06; nsteps =4000;
eps =0.01 ;
We start a short distance away from the equilibrium coeq.
initval = coeq + {eps, 0};

soll = integrate [initval , 10, h, nsteps 7;
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11

graphl = phaser [soll ]

PredPrey {a} = { 0.45}

10/

0.8/

06!

04/

02!

0‘0-...|...|...|...|...|..x
00 0.2 04 0.6 0.8 1.0

Looks like we are on the limit cycle. We integrate again, starting with the lastx calculated.

sol2 =integrate [lastx , t0, h, nsteps 1;
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graph2 = phaser [sol2 ]
PredPrey {a} = { 0.45}

10/

0.8/

06!

04/

02!

0‘0-...|...|...|...|...|..x
00 0.2 04 0.6 0.8 1.0

Now we see the limit cycle clearly.
period [sol2 ]
22.62
We may compare this with the period at the bifurcation. We have

parmval = {0.5 }; eigval [coeq]

{0.+0.353553i, 0. - 0.353553 1}

N[2 7/ Im [First [eigval [coeq]1]11]

17.7715

We see that the period increases as a decreases from the bifurcation. We pursue this a little further by looking at
a=0.35.

parmval = {0.35 };
initval = coeq + {eps, 0};

sol3 =integrate  [initval , tO, h, nsteps 1;
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graph3 = phaser [sol3 ]
PredPrey {a} = { 0.35}

1.0

0.8

Now we construct the pure limit cycle.

sol4 =integrate [lastx , t0, h, nsteps 1;
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graph4 = phaser [sol4 ]

PredPrey {a} = { 0.35}

10/

0.8/

We calculate the period.

period [sol4 ]

49.5

We see that the predator population remains very low for an appreciable part of the cycle. We look at the
Staterange:

staterange  [sol4 ]

{{x, {0.0518745, 183.72}, {0.991261, 213.72}},
{y, {0.000277357, 205.56}, {0.608408, 24.9}}}

We see that extinction is a real possible for the predators for this value of a. For smaller values of a, the cycle is
very close to being entangled with the stable manifold of {0,0}, on the y axis.

parmval = {0.25 };
initval = coeq + {eps, 0};

sol5 =integrate [initval , tO, h, nsteps 1;
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graph5 = phaser [sol5 ]

PredPrey {a} = { 0.25}

1.0

0.8

We integrate further.

sol6 = integrate [lastx , lastt , h, nsteps 7;
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graph6 = phaser [sol6 ]

10/

PredPrey {a} = { 0.25}

staterange

[sol6 ]

04

06

08

{{x, {0.00620509, 296.7}, {1., 248.04}},

{y, {3.92263x10’19, 461.94}, {0.765691, 275.22}}}

Theoretically, we still have our limit cycle, but the staterange numbers show extinction of the predator.

Now we may put our bifurcation table in final form.

10

Range nulleq allxeq coeq limit cycles
0 <ac< % relevant |relevant | relevant stable
unstable [unstable | unstable enclosing
(saddle) | (saddle) (spiral) coeq
% <ac< \[57 relevant |relevant | relevant none
unstable [unstable | stable
(saddle) | (saddle) (spiral)
VF§7< a < 1 |relevant |[relevant | relevant none
unstable [unstable | stable
(saddle) | (saddle) (node)
1 <a relevant |relevant |irrelevant none
unstable | stable unstable
(saddle) | (node) (saddle)

We look at a few other phase portraits for other values of a. We look at a = 0.6 for which the state coeq
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is the attractor for the system.

parmval = {0.6 };

The equilibria are then located at

eqgstateval [{nulleq , allxeq , coeq}]

{{0, 0}, {1, 0}, {0.6, 0.24}}

classify2D  [nulleq ]

stable (L), indeterminate (NL) - saddle -node trans . (Z1)

classify2D  [allxeq 1]

unstable - saddle

classify2D  [coeq ]
strictly stable - spiral
eigall =eigsys [allxeq ]

{{-1., 0.4}, {{1., 0.}, {-0.581238, 0.813733}}}

outvec = Last [Last [eigall 1]

{-0.581238, 0.813733}

plrange = {{0, 1.1}, {0, 1.1 }}; asprat = 1.0;
rangeflag = True ; bothdirflag = True ;

ranger = plrange ;

t0O = 0.0; h=0.05; nsteps =3000;

eps =0.01 ;

initset =
{coeq - {eps, 0}, {0.4, 0}, allxeq +eps xoutvec , {0, 0.5}, {0.8, 0.6 }};
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portrait [initset , tO, h, nsteps , 1, 2]

PredPrey {a} = { 0.60}

10/

0.8

0.6

T T T

04/

<
b
——

We construct one last phase portrait, this time for &> 1 so that the attractor is the all-prey state at (1,0).

parmval = {1.5 };

initset = {{0.4, 0.4}, {0.8, 0.8}, {1, 04}, {02, 02}}:
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portrait

1.0

0.8

0.6

04

0.2

[initset , tO, h, nsteps , 1,

PredPrey {a} = { 1.50}

2]




