ME 406

Assignment #5 Solutions

sysid

Mathematica 6.0 .3, DynPac 11.02 , 2¢6+2009

a Problem 1

a Part a

The right-handsidesobviouslyvanishat the origin, sothe origin is anequilibrium. Theremaybe others
but we are not askedto considerthemin this problem. We getthe linearizedequationsy droppingall of the
higherorderterms:

X=y,y=4. 1)
You may recognizetheseasthe equationsof an undampedscillator,in which caseyou know alreadythat the

linearizationis not goingto leadto any conclusionaboutthe stability. If you don'trecognizethis, you will soor
find out: theeigenvaluesreeasilycalculatedas+23 We checkthis conclusionwith DynPac.

setstate @x, y<D; setparm @<D; intreset ; plotreset ; imsize = 250;
1 1 3 3
slopevec =:-vy- 5X3 + EX4+ EY4- Zy5, 4x-6y3+x*+3yt- x5>;

classify2D @0, 0<D

Abbreviations used in classify2D
L = linear , NL = nonlinear , R2 = repeated root .
Z1 = one zero root , Z2 = two zero roots .

This message printed once.

stable HLL, indeterminate HNLL - center
eigval @0, 0<D
824, -24a<

Justout of curiosity,we seeif thereareanyotherequilibriumpointsby usingnfindpolyeq.
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Qy

nfindpolyeq

88-1.21733 , 2.<, 8-0.383225 - 1.76687 &, - 0.743413 +1.15521 A&<,
8- 0.383225 +1.76687 &, - 0.743413 - 1.15521 &<,

a,
a,

Qo Qo Qo Qo

80.383225 - 1.76687 &, 0.743413 + 1.15521 a<,

80.383225 +1.76687 &, 0.743413 - 1.15521 a<,

80.234465 - 1.3507 &, 2. <, 80.234465 +1.3507 &, 2. <,

8- 1.08109 - 0.234482 0.454868 +0.706835 a<,

8- 1.08109 + 0.234482 0.454868 - 0.706835 ax,
81.08109 - 0.234482 &, - 0.454868 +0.706835 a<,
81.08109 +0.234482 4, -0.454868 - 0.706835 &<,

81., -0.462164 +0.659993 a<, 81., - 0.462164 - 0.659993 a<,
81.76687 - 0.383225 4, 1.15521 +0.743413 a<,

81.76687 +0.383225 4, 1.15521 - 0.743413 a<,

8- 1.76687 - 0.383225 &, - 1.15521 +0.743413 &<,

8- 1.76687 +0.383225 &, - 1.15521 - 0.743413 &<,
80.234482 - 1.08109 &, 0.706835 - 0.454868 A<,
80.234482 +1.08109 &, 0.706835 + 0.454868 a<,

8- 0.234482 - 1.08109 &, - 0.706835 - 0.454868 a<,

8- 0.234482 +1.08109 &, - 0.706835 +0.454868 a<,
81.7484 , 2. <, 81., 1.75211 <, 81., 1.17221 <, 80., 0. <<

We seethatthereare(at least)four otherreal equilibria. Sucha systemis likely to havea complexandinterest
ing phaseportrait.

Part b

We now look at an orbit in the neighborhoodof the origin to get someidea aboutthe stability. We
integrateboth directionsin time, and we turn on rangecheckingto preventblowups. We start quite nearthe
origin.

intreset ; plotreset ; imsize = 250;

intvec =80.1, 0.1<; t0 =0.0; h=0.05; nsteps =500;
plrange =88-1, 1<, 8-1, 1<<; ranger = plrange ;
rangeflag = True ; bothdirflag =True ;

soll =integrate  @nitvec , t0O, h, nsteps D;

arrowflag = True ; arrowvec = 81le 4<;
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phaser @oll D

System
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We seethatthe orbit appeargo be spirallingin to the origin. The processds slow, becausét is the higherordel
nonlineartermswhich drive the systempoint inward, andthey arevery small nearthe origin. The orbitsfor the
linearizedequationsareellipses.

Part c

Finding a Liapunovfunctionis to someextentan art or a matterof luck! The pictureabovesuggestshal
we shouldbeableto find one. A reasonabléirst guesss a quadratidfunction,sowe define

V=ax?+y?:
The parametea is a degreeof freedomthatwe havein our attemptto makethis work. Foranypositivea, this V
is clearly positive definite, andit vanishesat the origin. For this to be a Liapunovfunction, it mustalsohavea
negativeorbital derivative. We calculatethe orbital derivative:

Vorb = D@/, xDslopevec @alDD+ D@/, yDslopevec @@DD

x3 x4 3y* 3yd
2y 14x+x*-x>-6y*+3y*M+2x |- —+ —-y+——- —|a
Y Y Y 2 2 Y 2 4

The lowest order termsin this are 8xy - 2axy. Unlessthis term vanishesit will take on both signsin every
neighborhoodf theorigin, sowe musttakea = 4.
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Vorb2 = Simplify @orb . a~ 4D

S2H 1+ xLH 2+yLIx*+3y*M

At first this doesn'look too promisingbecausét canbe both positiveandnegative. However,for x < 1 andy<
2, it is clearly negative. The regiondefinedby thoseinequalitiesincludesa neighborhoodf the origin. There
fore thisis a Liapunovfunctionandwe haveprovedthe stability of the equilibrium.

Let's concludethis problemby usingsomeof the DynPacfunctionsto visualizethis Liapunovfunction
We usethe functionV definedabove,with the parameten, asthe Liapunovfunction. We makea an "official
parameter:

liaparmvec = 8a<;
Now we constructa sequencef plots which showthe algebraicsign of the orbital derivativeof V for various
valuesof a. Firstwe calculatethe orbital derivative,usingthe DynPacfunctionorbdt.

orbder =orbdt @D

x3 x4 3y* 3y
2y l4ax+x4-x5-6y3+3y*M+2x Y y ]a

-+ - + -
2 2 Y 2 4

Now we makethe sequencef contourplots, for thevalues3, 4 and5 for a.

liapsignseq @3, 4, 5<, orbder D

Liapunov Sequence for 2y l4x+x*- x5-6y3+3y*M+2x |-

{a}=3
y
1.0}

05/
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In thesegraphs regionsof positive valuearewhite, andregionsof negativevaluearegrey. Althougha
graphicalapproacHike this canneverprovetheresultwe areafter,the pictureshelp usto focusstronglyon the
caseof a = 4. In manycaseswe would constructsuchpicturesfirst, beforebeginningour analyticalwork
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Problem 2

Part a

This problemis discussedn a numberof referencesjncluding Mathematical Biology, J.D. Murray.
third edition, Springer2002,Chapter3. Thebasicequationsaregivenbelow.

c1j—l\t/|:aM-bMV,c(jj—\t/:cMV-dV. 2

In the M-equation,the term aM is the increasein M due to excessof births over naturaldeaths. The
parametem is the differenceof the naturalbirth rate and the naturaldeathrate. The term-bMV is the rate ai
which predatorill the prey. It is proportionalto the productMV, with the basicideabeingthatthe numberof
predator-preyencountershouldbe proportionalto that product. The constant thendependsn the speedsainc
patternsof movementof both speciespn the densitiesof the two speciesandon the efficiency of the predators
Clearlyit would be difficult to estimateb from first principles. A deficiencyof this representatiors thatthereis
no saturationeffect. The term saysthat an increasein prey populationalways leadsto an increasein prey

consumption.Thiswould not betrueif the predatorsalreadyhaveanamplefood supply.

In theV-equationtheterm-dV is thelossdueto deathsof the predatorswith the death-ratdeingd. The
termcMV is theincreasedueto births of predatorsandin this modelthe birth rateis stronglycoupledto the prey
population. Again thereis no saturatioreffect. Onemight arguealsothatthe predatordeathrate shoulddepent
onthepreypopulation. Clearlythereis plenty of opportunityfor refinemenif this model.

Part b

We definethe systemfor DynPac.

setstate @M V<D; setparm @a, b, c, d<D;
slopevec =8a* M- b*M*V, c* M* V- d* \<;

plotreset ; intreset ; imsize =250;
It is obviousthattherearetwo equilibria,andtheyareeasyto find by handor with DynPac:
egs = findpolyeq

d a
180, O<, @ —, —>>
c b

We nameeachof them.

eql = eqs @dLDD

80, 0<
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d a
- >
c b
eigsys @qlD

88a, -d<, 881, 0<, 80, 1<<<

Thusthe origin is a saddlepoint and thereforeunstable. If oneintroducesa few membersof eachspecieshe
populationswill grow. The stablemanifoldis the V-axis andthe unstablemanifoldis the M-axis.

eigval @q2D
-a+va \[d, ava Jd>

Thusthe secondequilibrium, in which both speciesare presentis a centerfor the linearizedequationsput this
leavesopenthe questionof the nonlinearbehavior. It is not difficult to get a closedform expressiorfor the
orbits by integratingthe orbit equation

dM _ aM - bMV 3

dv. cMV-dVv '
The resultingclosedform suggestghe possibility of closedcurve orbits -- i.e., periodic solutions. We explore
this numericallyby arbitrarily picking valuesfor the parameterandcarryingout a few integrations.

parmval =84, 2, 3, 1<;
For thesevaluesthe secondequilibriumis

egstateval @q2D
1

=, 2>
3

Typical unitsmight be populationin thousand®f individualsandtimein years. We look ata phaseportrait.

initvec =881 12, 12 2<, 816, 1<, 81«4, 15 <<;
We settheintegrationparameterandplotting parameters.

t0 =0.0; h=0.02 ; nsteps =400;
plrange =880, 6<, 80, 6<<; asprat =1;

plotreset ; arrowflag = True ; arrowvec =81-¢ 5<;
imsize =250; asprat =1; plrange =880, 6<, 80, 6<<;
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portrait @nitvec , t0O, h, nsteps , 1, 2D

System&, b, ¢, d<= &4, 2, 3, 1<

Theseresultssuggeststrongly that the solutionsare all periodic so that the equilbriumeq2is a centerfor the
nonlinearequationsa resultthat can be provedfrom the analyticalexpressiorfor the orbits. Note thatin the
largerorbits, the prey comedangerouslgloseto extinction. Let'slook at the periodsfor thesesolutions.

soll =integrate @1 12, 1« 2<, t0O, h, nsteps D
period @oll D

4.22

sol2 =integrate @1l- 6, 1<, t0, h, nsteps D;
period @ol2 D

3.46

sol3 =integrate @l 4, 1.5<, t0, h, nsteps D
period @ol3 D

3.2

The periodis differentfor eachsolution,a commoneventin nonlinearoscillations.
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Part c

The original work of VolterraandLotka wasof greatimportancepecausét showedthatthe dynamicsof
the predatomrey systemcould produceperiodicvariationsof populationssomethinghathasbeenobservedn a
variety of situations. In fact Volterra'swork was motivatedby observation®f cyclesin the Adriatic fisheries
An unrealisticfeatureof the modelis that the period of oscillationis different for differentinitial conditions
Intuitively, onewould think that the initial conditionswould play a far lessimportantrole, andthat the systen
would endup in the sameoscillationcycle for a wide variety of initial conditions-- in otherwords,we would be
happierwith alimit cycle solution. As we shall seelater, the modelbecomesnuchmorerealisticif we include
someof the saturatioreffectsdiscussedbriefly in partaabove.

Problem 3

Part a

The equationis
¥+x'=0. (4)
We multiply the equatiorby % andintegrate. Theresultis
142, 1 _
X+ 8= E, (5)
whereE is a constant.If we convertthis to a systemin the usualway by lettingy = %, thenequation(4) becomes
1 1 _
§y2+ §X8 =E, (6)

whichis theequationof a closedcurvein thex-y phaseplane. Hencethesolutionsareperiodic.

Part b
The equationof the systemandtheinitial conditionsare
A=y, =X, X(0) =0, ¥(0) =0. ™

We useequation(4) to find an analyticalexpressiorfor the period. For theinitial conditionsaboveandfor xy =
1, equation(4) gives,in thefirst quadranbf the phasespace,

*:§\/1- X8 . (8

This equationis separable.Integratingover the portion of the orbit in the first quadranigives 1/4 of the period
sotheperiodT;is givenby
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1
Tl=83 — &x

8/p GammA%E

GammA%E

Numerically,we get

T1 = N@®D

9.30874
Let'scomparehis with the DynPacresult.

setstate  @x, y<D; setparm @<D; slopevec =9y, -x'=;
t0 =0.0; h=0.01; nsteps =1000;

sysname =" Problem 2";

sol4 =integrate @1, 0<, t0, h, nsteps D

period @ol4 D

9.31

The periodsarein goodagreementWe look atthe phaseplot.

plrange =88-1, 1<, 8-1, 1<<; asprat =1;

arrowflag = True ; arrowvec =81+ 3, 3¢ 4<;
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phaser @ol4 D

Problem 2

y
1.0~

O
[9)]

o
an

1.0l

Note the nearly horizontalportionsof the orbit wherethe velocity is very nearly constant. Becauseof the large
exponent7 in the restoringforce, the forceis sharplypeakedat the maximumdisplacement.For example wher
x is 1/2 of the maximumdisplacementthe forceis a fraction (1/2'= 1/1280f the maximumforce. By constras
for alinearspring,theforceat 1/2 maximumdisplacements 1/2 the maximumforce. Thusthis highly nonlinea
oscillator spendsmostof its time moving along at constantvelocity, not noticing the springforce. At the enc
pointsof the orbit, it is rathersharplybroughtto restandthenrathersharplyacceleratedéh the oppositedirection
We canalsoseethis behaviorin thetime plot.

plrange =880, 10<, 8-1.1, 1.1 <<; asprat =0.7 ;
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timeplot @ol4 , 1D

Problem 2
X

1.0f

0.5/

0.0

- 0.5

- 1.0

If we wereto makethe exponenin theforcetermevenlarger,this plot would becomeevencloserto a saw-toott
wave.

Part c

g);

The scalingrequiredto derivethe periodformulais not difficult, butit is very easyto go astrayif you are
not careful with your notation. We will scaleboth the dependentand independent/ariables. We do this in
sequencestartingwith the dependenvariable. The original problemis

X+ x' =0, withxHL= xo andXHL = 0. (9)

In orderto scaleouttheinitial condition,we makethe substitution

Z(t) = x(t)/xo. (20
In termsof this variable the problembecomes

Z+x5z=0, with z0) = 1 and(0) = 0. (11)
By rescalingthe time variable,we caneliminatethe factor x,® from the equation. We call the newtime variable
t andwe defineit, andthe newdependentariable,by

t =)3t andf (t) = z(t) . (12)
Thentheproblemfor f (t) is

d?f . of
dt—2+ f =0, withf(0)=1and4(0)=0. (13
The problem(12)for f (t) is identicalto the problemsatisfiedby x, (t), hence

f(t) =x(t) . 14
We revertto our original notationto get

X(8) =2x02(t) =xof (t) = XoXa(t) = XX (1) - (15)
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The functionx; repeatsts valuewhenits argumenincreasedy T,, thereforex repeatsts valuewhent increases
by %o~ 3T1, hencethisis the periodof x(t). We will testthis formulawith solutionsfoundnumericallyin partd.

a Partd
We havealreadyfoundtheorbit for xo= 1. Now we find theorbitsfor x,= 0.5and1.5.

intvec =805, 0<; t0 =0.0; h=0.05; nsteps = 1500;
sol5 =integrate @nitvec , tO, h, nsteps D,
period @ol5 D

74.45

We comparehis with our formula.

1 -3
- T
2
74.4699
Closeenough! Now the orbit for xg = 1.5.
initvec =815, 0<; t0 =0.0; h=0.01 ; nsteps =300;
sol6 =integrate  @nitvec , tO, h, nsteps D
period @ol6 D

2.76

HL5 L 311

2.75815
We plot thethreesolutionstogether afterfirst looking atthe rangeof valuesin thelargestorbit.

staterange @ol6 D

88x, 8-1.49999 , 138 <, 815, 0. <<,
8y, 8-2.53125 , 0.68 <, 82.53125 , 2.06 <<<

plrange =88-26, 26 <, 8-2.6, 2.6 <<; asprat =1; imsize =380;
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phaser @sol4 , sol5 , sol6 <D

Problem 2

SRR

)

All of the orbits exhibit segment®of nearly constantvelocity, but the shapeis strongly dependenbn the ampli-
tudeof themotion. As our scalingaboveshows all solutionscanbe obtainedoy simply rescalingx;.

a Problem 4

a Parta
We definethe systemfor DynPac.
setstate  @x, y<D; setparm @<D;

slopevec =92x + 2y - x12x%+ y?M -2x +Vy - y12x%2+ y°M;
sysname =" Problem 3";
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We askfor the eigenvaluesit the equilbrium{0,0}.

eigval @0, 0<D
l o 1 o
:EK3+a 150,5K3-a 15 &

Therealpartis positive,sothe equilibriumis anunstablespiral,aswe could havelearnedrom classify2D:

classify2D @0, 0<D

unstable - spiral

a Partb

m/

We now deriveanequationfor dr/dt.

rdot = Simplify BTogether Borbdt By x? + y? FFF
-2x4+y2- y 4+ x212- 3y2M

A/ X% +y?

We convertto polarcoordinates.

rdot = Simplify @dot . 8x r Cos@D, y r Sin @D<, r > 0D

1
-Er I -1+r2MH3+ Cos@ qDL

Now we canseeeasilythatrdotis positivefor r < 1, andnegativefor r > 1. Forr = 1, rdot vanishes. Thusthe
circler = 1isalimit cycle,andbecaus®f thesignof rdot, all solutionstendtowardthis limit cycle.

Part c
We takeadvantagef knowingwherethelimit cycleis to startourintegrationonit.
intvec =81, 0<; t0 = 0.0; h=0.02 ; nsteps = 200;

sol7 =integrate  @nitvec , tO, h, nsteps D
We makea phaseplaneplot.

plrange =88-2, 2<, 8-2, 2<<; asprat =1.0; imsize =250;
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phaser @ol7 D

Problem 3

y
2"

- 2L
Now we adda few orbits showingthe approacho thelimit cycle.

initset =880.25, 0<, 8-0.25, 0<, 80, 0.25 <,
80, -0.25 <, 82, 0<, 8-2, 0<, 80, 2<, 80, -2<<;

t0 =0.0; h=0.02 ; nsteps = 300;

arrowflag = True ; arrowvec =81le 8<;
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graph3 = portrait @nitset , tO, h, nsteps , 1, 2D

Problem 3

y
2

a Partd

We gettheperiodin two ways. Firsttheeasyway usingDynPac.
period @ol7 D
3.24
Now we getit from the equations.We derivethe equatiorfor thetime derivativeof the polarangleq.

gdot =
Simplify @ ogether @rbdt @A\rcTan @ * xDD . 8x r Cos@D, y r Sin @D<DD

-2- Cos@D Sin @D
This is a separablequatiorwhich we may integrateto getthe period.

2p 1

aq
o 2+ Cos@DSin @D

per =3

V15
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N@D

3.24462

This is in goodagreement. The abovecalculationevaluatedhe integralexactlyandthenwe found a numerica
value. We couldalsojustdo theintegralnumerically.

per2 = Nintegrate @« H2. + Cos@DSin @DL, 8q, 0, 2 p<D

3.24462



