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à Problem  1

à Part  a

The right-hand sides obviously vanish at the origin, so the origin is an equilibrium.  There may be others,
but we are not asked to consider them in this problem.  We get the linearized equations by dropping all of the
higher order terms:

(1)x¡  =  -y  ,  y¡  =  4x  .

You may recognize these as the equations of an undamped oscillator, in which case you know already that the
linearization is not going to lead to any conclusion about the stability.  If  you don't recognize this, you will  soon
find out:  the eigenvalues are easily calculated as ±2å.  We check this conclusion with DynPac.

setstate @8x, y<D; setparm @8<D; intreset ; plotreset ; imsize = 250 ;

slopevec = : - y -
1
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 x3 +
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 y5, 4 x - 6 y3 + x4 + 3 y4 - x5>;

classify2D @80, 0<D

Abbreviations used in classify2D .

L = linear , NL = nonlinear , R2 = repeated root .

Z1 = one zero root , Z2 = two zero roots .

This message printed once .

stable HLL, indeterminate HNLL - center

eigval @80, 0<D

82 å, - 2 å<

Just out of curiosity, we see if there are any other equilibrium points by using nfindpolyeq.



nfindpolyeq

88- 1.21733 , 2. <, 8- 0.383225 - 1.76687 å, - 0.743413 + 1.15521 å<,
8- 0.383225 + 1.76687 å, - 0.743413 - 1.15521 å<,
80.383225 - 1.76687 å, 0.743413 + 1.15521 å<,
80.383225 + 1.76687 å, 0.743413 - 1.15521 å<,
80.234465 - 1.3507 å, 2. <, 80.234465 + 1.3507 å, 2. <,
8- 1.08109 - 0.234482 å, 0.454868 + 0.706835 å<,
8- 1.08109 + 0.234482 å, 0.454868 - 0.706835 å<,
81.08109 - 0.234482 å, - 0.454868 + 0.706835 å<,
81.08109 + 0.234482 å, - 0.454868 - 0.706835 å<,
81. , - 0.462164 + 0.659993 å<, 81. , - 0.462164 - 0.659993 å<,
81.76687 - 0.383225 å, 1.15521 + 0.743413 å<,
81.76687 + 0.383225 å, 1.15521 - 0.743413 å<,
8- 1.76687 - 0.383225 å, - 1.15521 + 0.743413 å<,
8- 1.76687 + 0.383225 å, - 1.15521 - 0.743413 å<,
80.234482 - 1.08109 å, 0.706835 - 0.454868 å<,
80.234482 + 1.08109 å, 0.706835 + 0.454868 å<,
8- 0.234482 - 1.08109 å, - 0.706835 - 0.454868 å<,
8- 0.234482 + 1.08109 å, - 0.706835 + 0.454868 å<,
81.7484 , 2. <, 81. , 1.75211 <, 81. , 1.17221 <, 80. , 0. <<

We see that there are (at least) four other real equilibria.  Such a system is likely to have a complex and interest-
ing phase portrait.

à Part  b

We now look at an orbit in  the neighborhood of  the origin to get some idea about the stability.  We
integrate both directions in time, and we turn on range checking to prevent blowups.  We start quite near the
origin.

intreset ; plotreset ; imsize = 250 ;

initvec = 80.1 , 0.1 <; t0 = 0.0 ; h = 0.05 ; nsteps = 500 ;

plrange = 88- 1, 1<, 8- 1, 1<<; ranger = plrange ;

rangeflag = True ; bothdirflag = True ;

sol1 = integrate @initvec , t0 , h, nsteps D;

arrowflag = True ; arrowvec = 81 • 4<;
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phaser @sol1 D
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We see that the orbit appears to be spiralling in to the origin.  The process is slow, because it is the higher order
nonlinear terms which drive the system point inward, and they are very small near the origin.  The orbits for the
linearized equations are ellipses.

à Part  c

Finding a Liapunov function is to some extent an art or a matter of luck!  The picture above suggests that
we should be able to find one.  A reasonable first guess is a quadratic function, so we define

V = a x2 + y2;

The parameter a is a degree of freedom that we have in our attempt to make this work.  For any positive a, this V
is clearly positive definite, and it vanishes at the origin.  For this to be a Liapunov function, it  must also have a
negative orbital derivative.  We calculate the orbital derivative:

Vorb = D@V, xD slopevec @@1DD+ D@V, yD slopevec @@2DD

2 y I 4 x + x4 - x5 - 6 y3 + 3 y4M+ 2 x -
x3
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The lowest order terms in  this are 8xy -  2axy.   Unless this term vanishes it  will  take on both signs in  every
neighborhood of the origin, so we must take a = 4.
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Vorb2 = Simplify @Vorb • . a ¯ 4D

- 2 H- 1 + xL H- 2 + yL I x4 + 3 y4M

At first this doesn't look too promising because it can be both positive and negative.  However, for x < 1 and y<
2, it is clearly negative.  The region defined by those inequalities includes a neighborhood of the origin.  There-
fore this is a Liapunov function and we have proved the stability of the equilibrium.  

Let's conclude this problem by using some of the DynPac functions to visualize this Liapunov function.
We use the function V defined above, with the parameter a, as the Liapunov function.  We make a an "official
parameter:  

liaparmvec = 8a<;

Now we construct a sequence of plots which show the algebraic sign of the orbital derivative of V for various
values of a.  First we calculate the orbital derivative, using the DynPac function orbdt.

orbder = orbdt @VD

2 y I 4 x + x4 - x5 - 6 y3 + 3 y4M+ 2 x -
x3
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Now we make the sequence of contour plots, for the values 3, 4 and 5 for a.

liapsignseq @83, 4, 5<, orbder D

Liapunov Sequence for 2 y I 4 x + x4 - x5 - 6 y3 + 3 y4M+ 2 x -
x3
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In these graphs, regions of positive value are white, and regions of negative value are grey.  Although a
graphical approach like this can never prove the result we are after, the pictures help us to focus strongly on the
case of a = 4.  In many cases, we would construct such pictures first, before beginning our analytical work
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à Problem  2

à Part  a

This problem is discussed in  a number of  references, including Mathematical  Biology,  J.D. Murray,
third edition, Springer 2002, Chapter 3.  The basic equations are given below.

(2)dM
dt

= a M - b M V  ,  dV
dt

 =  c M V - d V  .

In  the M-equation, the term aM is the increase in M due to excess of  births over natural deaths.  The
parameter a is the difference of the natural birth rate and the natural death rate.  The term -bMV is the rate at
which predators kill  the prey.  It is proportional to the product MV, with the basic idea being that the number of
predator-prey encounters should be proportional to that product.  The constant b then depends on the speeds and
patterns of movements of both species, on the densities of the two species, and on the efficiency of the predators.
Clearly it would be difficult  to estimate b from first principles.  A deficiency of this representation is that there is
no saturation effect.  The term says that an increase in  prey population always leads to an increase in  prey
consumption.  This would not be true if the predators already have an ample food supply.  

In the V-equation, the term -dV is the loss due to deaths of the predators, with the death-rate being d.  The
term cMV is the increase due to births of predators, and in this model the birth rate is strongly coupled to the prey
population.  Again there is no saturation effect.  One might argue also that the predator death rate should depend
on the prey population.  Clearly there is plenty of opportunity for refinement of this model.     

à Part  b

We define the system for DynPac.

setstate @8M, V<D; setparm @8a, b, c, d<D;
slopevec = 8a * M- b * M* V, c * M* V - d * V<;

plotreset ; intreset ; imsize = 250 ;

It is obvious that there are two equilibria, and they are easy to find by hand or with DynPac:

eqs = findpolyeq

: 80, 0<, :
d

c
,

a

b
>>

We name each of them.

eq1 = eqs @@1DD

80, 0<
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eq2 = eqs @@2DD

:
d

c
,

a

b
>

eigsys @eq1D

88a, - d<, 881, 0<, 80, 1<<<

Thus the origin is a saddle point and therefore unstable.  If  one introduces a few members of each species the
populations will  grow.  The stable manifold is the V-axis and the unstable manifold is the M-axis.

eigval @eq2D

: - å a d , å a d >

Thus the second equilibrium, in which both species are present is a center for the linearized equations, but this
leaves open the question of  the nonlinear behavior.  It  is not difficult  to get a closed form expression for the
orbits by integrating the orbit equation  

(3)
dM
dV

 =  aM - bMV
cMV - dV

 .

The resulting closed form suggests the possibility of closed curve orbits -- i.e., periodic solutions.  We explore
this numerically by arbitrarily picking values for the parameters and carrying out a few integrations.

parmval = 84, 2, 3, 1<;

For these values the second equilibrium is

eqstateval @eq2D

:
1

3
, 2>

Typical units might be population in thousands of individuals and time in years.  We look at a phase portrait.

initvec = 881 • 12, 1 • 2<, 81 • 6, 1<, 81 • 4, 1.5 <<;

We set the integration parameters and plotting parameters.

t0 = 0.0 ; h = 0.02 ; nsteps = 400 ;

plrange = 880, 6<, 80, 6<<; asprat = 1;

plotreset ; arrowflag = True ; arrowvec = 81 • 5<;
imsize = 250 ; asprat = 1; plrange = 880, 6<, 80, 6<<;
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portrait @initvec , t0 , h, nsteps , 1, 2D
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System8a, b, c, d<= 84, 2, 3, 1<

These results suggest strongly that the solutions are all  periodic so that the equilbrium eq2 is a center for the
nonlinear equations, a result that can be proved from the analytical expression for the orbits.  Note that in the
larger orbits, the prey come dangerously close to extinction.  Let's look at the periods for these solutions. 

sol1 = integrate @81 • 12, 1 • 2<, t0 , h, nsteps D;

period @sol1 D

4.22

sol2 = integrate @81 • 6, 1<, t0 , h, nsteps D;

period @sol2 D

3.46

sol3 = integrate @81 • 4, 1.5 <, t0 , h, nsteps D;

period @sol3 D

3.2

The period is different for each solution, a common event in nonlinear oscillations.
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à Part  c

The original work of Volterra and Lotka was of great importance, because it showed that the dynamics of
the predator prey system could produce periodic variations of populations, something that has been observed in a
variety of situations.  In fact Volterra's work was motivated by observations of cycles in the Adriatic fisheries.
An  unrealistic feature of  the model is that the period of  oscillation is different for different initial  conditions.
Intuitively, one would think that the initial  conditions would play a far less important role, and that the system
would end up in the same oscillation cycle for a wide variety of initial conditions -- in other words, we would be
happier with a limit  cycle solution.  As we shall see later, the model becomes much more realistic if  we include
some of the saturation effects discussed briefly in part a above.

à Problem  3

à Part  a

The equation is 

( 4)xÐ+ x7 = 0 .

We multiply the equation by x¡ and integrate.  The result is

(5)
1
2
x¡2+ 1

8
x8 =  E  ,

where E is a constant.  If we convert this to a system in the usual way by letting y = x¡, then equation (4) becomes

(6)
1
2
y2+ 1

8
x8 =  E  ,

which is the equation of a closed curve in the x-y phase plane.  Hence the solutions are periodic.  

à Part  b

The equations of the system and the initial conditions are

(7)x¡ = y,  y¡ = -x7, x(0) = x0,  y(0) = 0.  

We use equation (4) to find an analytical expression for the period.  For the initial conditions above and for x0 =

1, equation (4) gives, in the first quadrant of the phase space, 

(8)x¡ =1
2
 1 - x8 .

This equation is separable.  Integrating over the portion of the orbit in the first quadrant gives 1/4 of the period,
so the period T1is given by 
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T1 = 8 à
0

1 1

1 - x8

 ã x

8 p GammaA9
8

E

GammaA5
8

E

Numerically, we get

T1 = N@%D

9.30874

Let's compare this with the DynPac result.

setstate @8x, y<D; setparm @8<D; slopevec = 9y, - x7=;

t0 = 0.0 ; h = 0.01 ; nsteps = 1000 ;

sysname = " Problem 2" ;

sol4 = integrate @81, 0<, t0 , h, nsteps D;

period @sol4 D

9.31

The periods are in good agreement.  We look at the phase plot.

plrange = 88- 1, 1<, 8- 1, 1<<; asprat = 1;

arrowflag = True ; arrowvec = 81 • 3, 3 • 4<;
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phaser @sol4 D
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Note the nearly horizontal portions of the orbit where the velocity is very nearly constant.  Because of the large
exponent 7 in the restoring force, the force is sharply peaked at the maximum displacement.  For example, when
x is 1/2 of the maximum displacement, the force is a fraction (1/2L7= 1/128 of the maximum force.  By constrast,

for a linear spring, the force at 1/2 maximum displacement is 1/2 the maximum force.  Thus this highly nonlinear
oscillator spends most of its time moving along at constant velocity, not noticing the spring force.  At  the end
points of the orbit, it is rather sharply brought to rest and then rather sharply accelerated in the opposite direction.
We can also see this behavior in the time plot.

plrange = 880, 10<, 8- 1.1 , 1.1 <<; asprat = 0.7 ;
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timeplot @sol4 , 1D
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If  we were to make the exponent in the force term even larger, this plot would become even closer to a saw-tooth
wave. 

à Part  c

The scaling required to derive the period formula is not difficult, but it is very easy to go astray if  you are
not careful with  your notation.  We will  scale both the dependent and independent variables.  We do this in
sequence, starting with the dependent variable.  The original problem is

( 9)xÐ+ x7 = 0 , with x H0L = x0 andx¡ H0L = 0.

In order to scale out the initial condition, we make the substitution 

(10)z(t) = x(t)/x0.

In terms of this variable, the problem becomes

(11)zÐ + x0
6 z = 0 ,  with z(0) = 1 and z¡(0) = 0.   

By rescaling the time variable, we can eliminate the factor x0
6 from the equation.  We call the new time variable

t  and we define it, and the new dependent variable, by 

(12)t  = x0
3t  and f (t ) = z(t)  .

Then the problem for f (t ) is

(13)
d2 f

dt 2
+ f  = 0,  with f (0) = 1 and 

df

dt
(0) = 0 .

The problem (12) for f (t ) is identical to the problem satisfied by x1(t), hence 

(14)f (t ) = x1(t )  .

We revert to our original notation to get

(15)x(t) =x0z(t) =x0f (t ) = x0x1(t ) = x0x1(x0
3t)  .

The function x1 repeats its value when its argument increases by T1, therefore x repeats its value when t increases

by x0
- 3T1, hence this is the period of x(t).   We will  test this formula with solutions found numerically in part d.

12 Assignment#5Sol.nb



The function x1 repeats its value when its argument increases by T1, therefore x repeats its value when t increases

by x0
- 3T1, hence this is the period of x(t).   We will  test this formula with solutions found numerically in part d.

à Part  d

We have already found the orbit for x0= 1.  Now we find the orbits for x0= 0.5 and 1.5.

initvec = 80.5 , 0<; t0 = 0.0 ; h = 0.05 ; nsteps = 1500 ;

sol5 = integrate @initvec , t0 , h, nsteps D;

period @sol5 D

74.45

We compare this with our formula.

1

2

- 3

T1

74.4699

Close enough!  Now the orbit for x0 = 1.5.

initvec = 81.5 , 0<; t0 = 0.0 ; h = 0.01 ; nsteps = 300 ;

sol6 = integrate @initvec , t0 , h, nsteps D;

period @sol6 D

2.76

H1.5 L- 3 T1

2.75815

We plot the three solutions together, after first looking at the range of values in the largest orbit.

staterange @sol6 D

88x, 8- 1.49999 , 1.38 <, 81.5 , 0. <<,
8y, 8- 2.53125 , 0.68 <, 82.53125 , 2.06 <<<

plrange = 88- 2.6 , 2.6 <, 8- 2.6 , 2.6 <<; asprat = 1; imsize = 380 ;
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phaser @8sol4 , sol5 , sol6 <D
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All  of the orbits exhibit segments of nearly constant velocity, but the shape is strongly dependent on the ampli-
tude of the motion.  As our scaling above shows, all solutions can be obtained by simply rescaling x1.

à Problem  4

à Part  a

We define the system for DynPac.

setstate @8x, y<D; setparm @8<D;
slopevec = 92 x + 2 y - x I 2 x2 + y2M, - 2 x + y - y I 2 x2 + y2M=;

sysname = " Problem 3" ;
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We ask for the eigenvalues at the equilbrium {0,0}.

eigval @80, 0<D

:
1

2
K3 + å 15 O,

1

2
K3 - å 15 O>

The real part is positive, so the equilibrium is an unstable spiral, as we could have learned from classify2D:

classify2D @80, 0<D

unstable - spiral

à Part  b

We now derive an equation for dr/dt.

rdot = Simplify BTogether Borbdt B x2 + y2 FFF

- 2 x4 + y2 - y4 + x2 I 2 - 3 y2M

x2 + y2

We convert to polar coordinates.

rdot = Simplify @rdot • . 8x ¯ r Cos@qD, y ¯ r Sin @qD<, r > 0D

-
1

2
r I - 1 + r 2MH3 + Cos@2 qDL

Now we can see easily that rdot is positive for r  < 1, and negative for r  > 1.  For r  = 1, rdot vanishes.  Thus the
circle r = 1 is a limit cycle, and because of the sign of rdot, all solutions tend toward this limit cycle.  

à Part  c

We take advantage of knowing where the limit cycle is to start our integration on it.

initvec = 81, 0<; t0 = 0.0 ; h = 0.02 ; nsteps = 200 ;

sol7 = integrate @initvec , t0 , h, nsteps D;

We make a phase plane plot.

plrange = 88- 2, 2<, 8- 2, 2<<; asprat = 1.0 ; imsize = 250 ;
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phaser @sol7 D
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Now we add a few orbits showing the approach to the limit cycle.

initset = 880.25 , 0<, 8- 0.25 , 0<, 80, 0.25 <,
80, - 0.25 <, 82, 0<, 8- 2, 0<, 80, 2<, 80, - 2<<;

t0 = 0.0 ; h = 0.02 ; nsteps = 300 ;

arrowflag = True ; arrowvec = 81 • 8<;
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graph3 = portrait @initset , t0 , h, nsteps , 1, 2D
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à Part  d

We get the period in two ways.  First the easy way using DynPac.

period @sol7 D

3.24

Now we get it from the equations.  We derive the equation for the time derivative of the polar angle q.

qdot =
Simplify @Together @orbdt @ArcTan @y • xDD • . 8x ¯ r Cos@qD, y ¯ r Sin @qD<DD

- 2 - Cos@qD Sin @qD

This is a separable equation which we may integrate to get the period.

per = à
0

2 p 1

2 + Cos@qD Sin @qD
 ã q

4 p

15
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N@%D

3.24462

This is in good agreement.   The above calculation evaluated the integral exactly and then we found a numerical
value.  We could also just do the integral numerically.

per2 = NIntegrate @1 • H2. + Cos@qD Sin @qDL, 8q, 0, 2 p<D

3.24462
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