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intreset; plotreset; imsize = 250;

à 1.  Introduction
In this notebook we look at solutions for the motion of the pendulum.  Most of the calculations are for

the sinusoidally driven pendulum, but we also include some results for the free pendulum.  As shown in class,
we may reduce the number of  parameters in  the equation by a judicious scaling of  the time coordinate.  The
resulting dimensionless equation is

q
–
 + e q

¡
 + sin(q) = Gcos(s t)  .

We also may write this as a system of first order equations by introducing the angular velocity w = q
¡
:

q
¡
 = w ,  w¡ = -e w -sin(q) + Gcos(s t)  .

We define the system for DynPac:

setstate@8q, w<D; setparm@8e, G, s<D; sysname = "Pendulum";
slopevec = 8w, - e w - Sin@qD + GCos@s tD<;

We begin our study by looking at the free pendulum.

à 2.  Undamped  Free Pendulum
With no damping, the undriven system is conservative, and will  oscillate forever once set in motion.  We

may study this special case by taking all three parameters to be zero.

parmval = 80, 0, 0<;

There are two equilibrium states -- one with the pendulum down and one with the pendulum up.  The stability is
intuitively obvious, but we check it anyway.

classify2D@80, 0<D

stable HLL, indeterminate HNLL - center

classify2D@8p, 0<D

unstable - saddle

All  of our fancy machinery has told us that the upside down pendulum is unstable.  As for the down position,
linearization is inconclusive, but because it  is a conservative system we know that the equilibrium there is a
center.  



All  of our fancy machinery has told us that the upside down pendulum is unstable.  As for the down position,
linearization is inconclusive, but because it  is a conservative system we know that the equilibrium there is a
center.  

We look at some of the orbits for this system.

intlist = 880.5, 0<, 81, 0<, 81.5, 0<, 82, 0<, 82.5, 0<<;

arrowflag = True; arrowvec = 80, 1 • 2<;

h = 0.04; nsteps = 8200, 210, 220, 230, 260<;

plrange = 88- 5, 5<, 8- 5, 5<<; asprat = 1;

graph1 = portrait@intlist, t0, h, nsteps, 1, 2D
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Now we add some orbits through the saddle.

eiger1 = eigsys@8p, 0<D

88- 1, 1<, 88- 1, 1<, 81, 1<<<

eiger2 = eigsys@8- p, 0<D

88- 1, 1<, 88- 1, 1<, 81, 1<<<

vec1 = 8- 1, 1<; vec2 = 81, 1<; eq1 = 8p, 0<; eq2 = 8- p, 0<;

eps = 0.03;
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intlist =
8eq1 + eps * vec1, eq1 + eps * vec2, eq1 - eps * vec1, eq1 - eps * vec2,
eq2 + eps * vec1, eq2 - eps * vec2, eq2 + eps * vec2<;

rangeflag = True; ranger = 88- 5.1, 5.1<, 8- 5.1, 5.1<<;

bothdirflag = False;

arrowvec = 81 • 2<;

graph2 = portrait@intlist, 0.0,
80.01, 0.01, - 0.01, 0.01, - 0.01, 0.01, 0.01<, 1000, 1, 2D
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Now we add a few orbits outside.

intlist = 880, 3<, 80, - 3<, 84, 0<, 8- 4, 0<<;

arrowvec = 81 • 2<;

bothdirflag = True;
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graph3 = portrait@intlist, 0.0, 0.1, 100, 1, 2D
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Pendulum8e, G, s <= 80, 0, 0<

graph4 = show@graph1, graph2, graph3D
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Thus the heteroclinic orbits through the saddle points enclose a region of periodic solutions.  In this region, the
pendulum oscillates without ever rotating completely around the support point.  In the region outside the saddle
point orbits, the pendulum is in an overturning mode.  Mathematically speaking, these solutions are not periodic
because q values do not repeat.  However, values of q which differ by a multiple of p represent the same physical
point, so the orbits really are periodic.  This ambiguity could be avoided by using a cylindrical rather than plane
phase space for the pendulum.  

4 drivpen.nb



Thus the heteroclinic orbits through the saddle points enclose a region of periodic solutions.  In this region, the
pendulum oscillates without ever rotating completely around the support point.  In the region outside the saddle
point orbits, the pendulum is in an overturning mode.  Mathematically speaking, these solutions are not periodic
because q values do not repeat.  However, values of q which differ by a multiple of p represent the same physical
point, so the orbits really are periodic.  This ambiguity could be avoided by using a cylindrical rather than plane
phase space for the pendulum.  

For the pendulum, the period is a strong function of amplitude.  We explore that briefly.

sol1 = integrate@81, 0<, 0.0, 0.05, 400D;

period@sol1D

6.7

We compare this with the theoretical expression for the period in terms of the complete elliptic integral of the
first kind.

4 * EllipticKBHSin@1. • 2DL2F

6.69998

Quite close.  Now we look at a larger amplitude oscillation.

sol2 = integrate@83, 0<, 0.0, 0.05, 400D;

period@sol2D

16.15

4 * EllipticKBHSin@3. • 2DL2F

16.1555

Again very close.

plrange = 880, 20<, 8- 5, 5<<;
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timeplot@8sol1, sol2<, 1D
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Pendulum8e, G, s <= 80, 0, 0<

There is a striking difference in the wave form as well as in the period.

à 3.  Damped  Free Pendulum
We add some damping by setting the damping parameter e to 0.5.

parmval = 80.5, 0, 0<;

We check the stability of the equilibria.

classify2D@80, 0<D

strictly stable - spiral

classify2D@8p, 0<D

unstable - saddle

The upside down state is still  unstable, and the other state is now a stable spiral, thanks to the damping.  This
system will  have no periodic solutions, although it will  still be oscillatory.  Let's look at a few orbits.

intlist = 882.5, 0<, 8- 2.5, 0<, 80, 2.5<, 80, - 2.5<<;

plrange = 88- 5, 5<, 8- 5, 5<<;

bothdirflag = True;
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dampgraph1 = portrait@intlist, 0.0, 0.1, 200, 1, 2D
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Now we look at a few orbits near the saddle points.  We start by getting the eigenvectors.

dampeig = eigsys@8p, 0<D

88- 1.28078 , 0.780776 <, 88- 0.615412 , 0.788205 <, 80.788205 , 0.615412 <<<

dampvec1 = First@Last@dampeigDD

8- 0.615412 , 0.788205 <

dampvec2 = Last@Last@dampeigDD

80.788205 , 0.615412 <

eps = 0.05;

intlist = 8eq1 + eps * dampvec1,
eq1 + eps * dampvec2, eq1 - eps * dampvec1, eq1 - eps * vec2,
eq2 + eps * dampvec1, eq2 - eps * dampvec1,
eq2 - eps * dampvec2, eq2 + eps * dampvec2<;

bothdirflag = True;

rangeflag = True; ranger = 88- 5.1, 5.1<, 8- 5.1, 5.1<<;

arrowflag = True; arrowvec = 81 • 3<;
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dampgraph2 = portrait@intlist, 0.0, 0.05, 400, 1, 2D
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show@dampgraph1, dampgraph2D
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The bottle-shaped region inclined at -45 degrees is the basin of attraction for the stable equilibrium at the
origin.  Points just to the right of this bottle are attracted to {2p, 0},  and points just to the left are attracted to
{-2p, 0}.  Because q values modulo 2p correspond to the same physical point, all of the relevant physics is in the
above plot.

8 drivpen.nb



The bottle-shaped region inclined at -45 degrees is the basin of attraction for the stable equilibrium at the
origin.  Points just to the right of this bottle are attracted to {2p, 0},  and points just to the left are attracted to
{-2p, 0}.  Because q values modulo 2p correspond to the same physical point, all of the relevant physics is in the
above plot.

à 4.  Periodic  Solutions  of  the Driven  Pendulum

à A Periodic  Solution  With  Period  Equal  to  Driver  Period

Finding parameter values which give a certain type of solution is not always easy.  We make free use of
some of  the examples in  Baker and Golub here.  For our first  case, we use the parameter values below for
{ e,G,s } .

parmval = {0.5,0.9,2./3.};

We set the integration parameters.

h = 0.025;

nsteps = 2000;

initvec = {1.0,0.0};

t0 = 0.0;

intreset;

We integrate and plot the result.

pen1 = integrate[initvec,t0,h,nsteps];

plotreset;imsize=250;

asprat = 1.0;
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pengraph1 = phaser[pen1]
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The system may have reached a periodic orbit, but we will  have to integrate further to see.

pen2 = integrate[lastx,lastt,h,nsteps];

arrowflag = True; arrowvec = 81 • 2<;
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pengraph2 = phaser[pen2]
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This looks periodic.  Let's look at a time plot of the solution, and plot the driver on the same graph.

asprat = 0.5;

pengraphtime2 = timeplot[pen2,1]

60 70 80 90 100
t

- 2

- 1

1

2

q
Pendulum8e, G, s <= 8 0.50, 0.90, 0.67<

driver[t_] := N[G*Cos[s*t] /. Thread[parmvec -> parmval]]
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drivergraph = plot[driver[t],{t,50,100}]
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t
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0.9cosH0.666667tL

show[pengraphtime2,drivergraph]
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We see from the graph that the solution is periodic with the same period as the driver, the period being

driverperiod = N[(2 Pi)/(2/3)]

9.42478

Let's construct a PoincarŽ map showing both the approach to the periodic solution and the final periodic
solution.  We begin by constructing an appropriate solution list with drpoinclist.  The default number of points of
integration per period is 48, but we set that to 96 here.

poincpointper = 96;

pen3 = drpoincsol[initvec,t0,driverperiod,20];

The arguments of drpoinclist are the initial  condition initvec, the initial  time t0, the strobe period driverperiod,
and the number of periods 20. 

asprat = 1.0;
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pengraph3 = phaser[pen3]
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This graph is very similar to pengraph1 because it was constructed in essentially the same way.  The only
significant difference between an arbitrary solution list and one constructed by poinclist, is that the time spacing
in poinclist is commensurate with the strobe period, and the number of integration points per period is equal to
the value of pointper which we set above to 96.

The PoincarŽ map is now constructed from pen3 by the routine drpoincmap.  The second argument of
drpoincmap is the phase (in degrees) at which the map is to be made.  This may be any multiple of 15 degrees
from 0 to 345.  

arrowflag = False;

poincptsize = 0.02;

asprat = 1.0;

phase = 0.0;

imsize = 300;
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poincgr3 = drpoincmap[pen3,phase,1,2]
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w
Pendulum8e, G, s , phase<= 8 0.50, 0.90, 0.67, 0.<

The list of coordinates plotted in the PoincarŽ map may be obtained with the function drpoinclist acting
on the solution pen3.

poincerlist3 = drpoinclist[pen3,phase]

880. , 1. , 0. <, 89.42478 , 1.11541 , 1.10857 <,
818.8496 , - 0.902097 , 1.89706 <,
828.2743 , - 0.552189 , 1.93606 <, 837.6991 , - 0.556705 , 1.93355 <,
847.1239 , - 0.560479 , 1.93356 <, 856.5487 , - 0.560251 , 1.93359 <,
865.9734 , - 0.560228 , 1.93359 <, 875.3982 , - 0.560231 , 1.93359 <,
884.823 , - 0.560231 , 1.93359 <, 894.2478 , - 0.560231 , 1.93359 <,
8103.673 , - 0.560231 , 1.93359 <, 8113.097 , - 0.560231 , 1.93359 <,
8122.522 , - 0.560231 , 1.93359 <, 8131.947 , - 0.560231 , 1.93359 <,
8141.372 , - 0.560231 , 1.93359 <, 8150.796 , - 0.560231 , 1.93359 <,
8160.221 , - 0.560231 , 1.93359 <, 8169.646 , - 0.560231 , 1.93359 <,
8179.071 , - 0.560231 , 1.93359 <, 8188.496 , - 0.560231 , 1.93359 <<

We see from this that the approach to the periodic solution is rapid.  By the fourth strobe period, the
system point has settled down to the final one, within graphical accuracy.  This is consistent with the graph, on
which we see four points only.

We now construct a sequence of graphs which simulates the strobe process.  We plot each system state in
white on a black background, and we alternate these graphs with a completely black graph.
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We now construct a sequence of graphs which simulates the strobe process.  We plot each system state in
white on a black background, and we alternate these graphs with a completely black graph.

strobe@list_D:=
Module@8temp, i, templist<, templist = stripsol@list, 0D;
axon = False; labon = False; ptsize = 0.02; setback@BlackD;
Do@temp = templist@@iDD; setcolor@8White<D; Print@dots@8temp<DD;
setcolor@8Black<D; Print@dots@8temp<DD, 8i, 1, Length@listD<DD

plrange = 88- 2, 2<, 8- 2, 2<<;

strobe@poincerlist3D

If  you animate the graph sequence, you will  see the strobing of the system point at time increments equal
to the period of the driver.

à Solution  Period  Equal  to  Twice  the Driver  Period

We consider another set of parameter values for which the response is periodic with twice the period of
the driver.  In this example, we start with drpoincsol, rather than doing a preliminary integration first.  We go 10
periods at a time. 

plotreset; imsize = 250;

parmval = {0.5,1.07,2./3.};

initvec = {8.0,0.0};
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t0 = 0.0;

pen5 = drpoincsol[initvec,t0,driverperiod,10];

asprat = 1.0;

pengraph5 = phaser[pen5]
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Pendulum8e, G, s <= 8 0.50, 1.07, 0.67<

It  looks as though we may have reached a periodic solution.  We continue the integration, to get a pure
periodic solution without the startup transient.

pen6 = drpoincsol[lastx,lastt,driverperiod,10];
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pengraph6 = phaser[pen6]
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This appears to be periodic with a period of twice the driver period.  We check that with a timeplot.

asprat = 0.5;

plrange = All;

display = False;

pengraph7 = timeplot[pen6,1]
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Pendulum8e, G, s <= 8 0.50, 1.07, 0.67<

trange[pen6]

8103.673 , 207.345 <
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driver2 = plot[driver[t], {t,100,210}]
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t
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show[pengraph7,driver2]
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A close look shows that indeed the solution repeats every second period of the driver.

Now we construct the PoincarŽ map.  Because we are strobing at the driver period and because the
solution has a period twice this, we expect to see exactly two dots on the PoincarŽ plot. 

poincptsize = 0.02;

phase = 0.0;

asprat = 1.0;

plrange = {{2,10},{-3,3}};

imsize = 300;
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poincgr6 = drpoincmap[pen6,phase,1,2]
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We see the two dots, indicative of the subharmonic of order two.

We now construct a strobe sequence showing the approach to the orbit  with  period twice the driver
period.  We integrate for 20 driver periods. 

pen6mod = drpoincsol[initvec,t0,driverperiod,20];

poincerlist6mod = drpoinclist@pen6mod, 0D

880. , 8. , 0. <, 89.42478 , 4.10691 , 1.38013 <,
818.8496 , 3.81135 , 1.15279 <,
828.2743 , 4.06682 , 1.34 <, 837.6991 , 3.80867 , 1.15131 <,
847.1239 , 4.07107 , 1.34299 <, 856.5487 , 3.8074 , 1.15034 <,
865.9734 , 4.07332 , 1.34458 <, 875.3982 , 3.80678 , 1.14985 <,
884.823 , 4.07445 , 1.34537 <, 894.2478 , 3.80647 , 1.14961 <,
8103.673 , 4.07499 , 1.34575 <, 8113.097 , 3.80633 , 1.1495 <,
8122.522 , 4.07525 , 1.34593 <, 8131.947 , 3.80626 , 1.14945 <,
8141.372 , 4.07537 , 1.34602 <, 8150.796 , 3.80622 , 1.14942 <,
8160.221 , 4.07543 , 1.34606 <, 8169.646 , 3.80621 , 1.14941 <,
8179.071 , 4.07546 , 1.34608 <, 8188.496 , 3.8062 , 1.1494 <<

We strobe this list.

strobe@poincerlist6modD
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à Rotary  Solution  With  Period  Equal  to  Driver  Period

Now we look at a periodic solution in  which the pendulum rotates over the top in  each cycle.  The
coordinate theta increases without limit.   We will  use the function modsol to frame the solution in a single 2 Pi
range of theta.  We begin by resetting integration flags and plot variables, and then setting the parameter values.

intreset;

plotreset;imsize=250;

parmval = {0.5,1.35,2./3.};

We start with a 500 point integration to get onto the periodic solution.

initvec = {0,0};

t0 = 0.0;

h = 0.05;

nsteps = 500;

oversol1 = integrate[initvec,t0,h,nsteps];

We check the range before plotting.
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staterange[oversol1]

88q, 8- 15.7531 , 25. <, 81.30562 , 2.45 <<,
8w, 8- 1.87023 , 23.25 <, 81.02138 , 19.65 <<<

plrange = {{-20,5},{-2,2}};

asprat = 1.0;

overgraph1 = phaser[oversol1]
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We continue the integration to get the pure periodic solution.

oversol2 = integrate[lastx,lastt,h,nsteps];

staterange[oversol2]

88q, 8- 31.7 , 46.55 <, 8- 15.7531 , 25. <<,
8w, 8- 1.96557 , 42.15 <, 81.1316 , 47.85 <<<

plrange = {{-40,-10},{-2,2}};
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overgraph2 = phaser[oversol2]
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This looks periodic.  (A minor mathematical point.  Strictly speaking the solution is not periodic because
the theta values do not repeat.  However, theta values differing by 2 Pi represent the same physical point.  If
points differing by 2 Pi are considered to be the same, then the solution is periodic.)  There are two practical
difficulties.  First, the solution will  keep drifting to the left, and we will  have to keep changing our phase plane
window if  we wish to follow it.  Second, it is hard to tell periodicity because the loops do not overlay as they do
in the case when the pendulum oscillates rather than going around.  We can cure both of those difficulties by
using modsol, a function which maps any coordinate onto a specified interval modulo the interval length.  Here
we use the interval -Pi to Pi, and we ask for the first component (theta) to be so mapped.

modsol1 = modsol[oversol1,1,N[-Pi],N[Pi]];

Now we plot the modified solution.  We use dots rather than a connected line, so that we avoid connect-
ing lines at the jumps at the interval ends.

pointcon = False;

plrange = {{-4,4},{-2,2}};

asprat = 1.0;
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modgraph1 = phaser[modsol1]
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We repeat for the pure periodic solution oversol2.

modgraph2 = phaser[modsol[oversol2,1,N[-Pi],N[Pi]]]
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The solution looks periodic, but the slight thickening suggests that there is a small residual of a transient.
We integrate once more to clean it up.
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The solution looks periodic, but the slight thickening suggests that there is a small residual of a transient.
We integrate once more to clean it up.

oversol3 = integrate[lastx,lastt,h,nsteps];

modgraph3 = phaser[modsol[oversol3,1,N[-Pi],N[Pi]]]
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Now we have a clean periodic solution.

à 5.  A Chaotic  Solution  of  the Driven  Pendulum
We complete our look at the driven pendulum with a chaotic solution.  We start by setting the parameter

values, and resetting the integration flags and plot variables.

parmval = {0.5,1.5,2./3.};

intreset;

plotreset;imsize=250;

We start with a 500-point integration just to see what the solution looks like.

t0 = 0.0;

h = 0.05;

nsteps = 500;

initvec = {1,0};
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cha1 = integrate[initvec,t0,h,nsteps];

staterange[cha1]

88q, 8- 9.28779 , 17.55 <, 81.52742 , 2.1 <<,
8w, 8- 2.59838 , 15.2 <, 82.60203 , 19.7 <<<

asprat = 1.0;

plrange = {{-10,2},{-3,3}};

chagraph1 = phaser[cha1]
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Too early to tell if  it is chaotic, although it might be.  We do next a very long integration, using poinclist,
and then look at the results.  We reduce the number of points per period from 96 to the default 48, just to halve
the integration time.  The 200 periods asked for  below takes a LONG time to calculate, and the basic ideas
would still  come through with a much smaller number of periods -- say 30.  On the other hand, the PoincarŽ
maps get more interesting with  more periods.  If  you have enough memory and time, try  600 or even more
periods.

poincpointper = 48;

poinchao = drpoincsol[lastx,lastt,driverperiod,200];

staterange[poinchao]

88q, 8- 72.165 , 922.317 <, 884.7471 , 1530.22 <<,
8w, 8- 2.63179 , 401.402 <, 82.62785 , 1904.65 <<<

The large theta range shows that we need to use modsol to get a more compact description.
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The large theta range shows that we need to use modsol to get a more compact description.

poinchaomod = modsol[poinchao,1,N[-Pi],N[Pi]];

Now we write a simple loop to produce a sequence of PoincarŽ maps for each of the allowable phases --
that is, a sequence of 24 maps at 15 degree phase intervals.

plrange = {{-4,4},{-4,4}};

asprat = 1.0;

imsize = 300;

Do[(Print[drpoincmap[poinchaomod,q,1,2]]),{q,0,345,15}];
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Pendulum8e, G, s , phase<= 8 0.50, 1.50, 0.67, 0.<

An animation of the 24 graphs gives some insight into the variation of the PoincarŽ map with phase.
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