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The Pendulum

sysid

Mathematica 6.0 .3, DynPac 11.01, 1-13+2009

intreset; plotreset; imsize = 250;

a 1. Introduction

Q)/

In this notebookwe look at solutionsfor the motion of the pendulum. Most of the calculationsare for
the sinusoidallydriven pendulum,but we alsoinclude someresultsfor the free pendulum. As shownin class
we may reducethe numberof parametersn the equationby a judicious scalingof the time coordinate. The
resultingdimensionlesgquations

g+ed+sin(@ = Geos6t) .
We alsomaywrite this asa systemof first orderequationdy introducingtheangularvelocityw = (ﬁ:
d=w, W =-ew -sin(g) + GcosEt) .

We definethe systemfor DynPac:

setstate@q, Ww<D; setparm@e, G, s<D; sysname = "Pendulum";
slopevec = 8w, -ew - Sin@D + GCos@ tD<;

We beginour studyby looking atthefree pendulum.

2. Undamped Free Pendulum

With no damping the undrivensystemis conservativeandwill oscillateforeveroncesetin motion. We
may studythis specialcaseby takingall threeparameterso be zero.

parmval = 80, 0, 0<;

Therearetwo equilibrium states- onewith the pendulumdownandonewith the pendulumup. The stability is
intuitively obvious,butwe checkit anyway.

classify2D@0, 0<D

stable HLL, indeterminate HNLL - center

classify2D@p, 0<D
unstable - saddle

All of our fancy machineryhastold us that the upsidedown pendulumis unstable. As for the down position
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linearizationis inconclusive,but becauset is a conservativesystemwe know that the equilibrium thereis a
center.

We look at someof the orbitsfor this system.
intlist = 880.5, 0<, 81, 0<, 81.5, 0<, 82, 0<, 82.5, 0<<;
arrowflag = True; arrowvec = 80, 1° 2<;
h=0.04; nsteps =8200, 210, 220, 230, 260<;
plrange = 88- 5, 5<, 8- 5, 5<<; asprat =1;
graphl = portrait@ntlist, t0, h, nsteps, 1, 2D

Pendulum&, G s<= &), 0, O<
w

Now we addsomeorbitsthroughthe saddle.
eigerl = eigsys@p, 0<D

88-1, 1<, 88-1, 1<, 81, 1<<<

eiger2 = eigsys@- p, 0<D

88-1, 1<, 88-1, 1<, 81, 1<<<

vecl =8-1, 1<; vec2 =81, 1<; eql =8p, 0<; eq2 = 8-p, 0<;

eps = 0.03;
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intlist =
8eql + eps* vecl, eql + eps* vec2, eql - eps* vecl, eql - eps* vec2,
eq2 + eps * vecl, eq2 - eps* vec2, eq2 + eps * vec2<;

rangeflag = True; ranger =88-5.1, 5.1<, 8-5.1, 5.1<<;
bothdirflag = False;
arrowvec = 81l 2<;

graph2 = portrait@ntlist, 0.0,
80.01, 0.01, -0.01, 0.01, - 0.01, 0.01, 0.01<, 1000, 1, 2D

Pendulum&, G s<= &), 0, O<

Now we adda few orbitsoutside.
intlist = 880, 3<, 80, - 3<, 84, 0<, 8-4, 0<<;
arrowvec = 81 2<;

bothdirflag = True;
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graph3 = portrait@ntlist, 0.0, 0.1, 100, 1, 2D

Pendulum&, G s<= 8), 0, O<
W
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graph4 = show@raphl, graph2, graph3D

Pendulum&, G s<= 8, 0, 0<
W

\

7
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Thusthe heteroclinicorbits throughthe saddlepoints enclosea region of periodicsolutions. In this region,the
pendulumoscillateswithout everrotatingcompletelyaroundthe supportpoint. In the regionoutsidethe saddle
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point orbits, the pendulumis in an overturningmode. Mathematicallyspeakingthesesolutionsare not periodic
because valuesdo not repeat. However,valuesof g which differ by a multiple of p representhe samephysica
point, sothe orbitsreally are periodic. This ambiguitycould be avoidedby usinga cylindrical ratherthanplane
phasespacedor thependulum.

For the pendulumthe periodis a strongfunctionof amplitude. We explorethatbriefly.

soll = integrate@1, 0<, 0.0, 0.05, 400D;
period@ol1lD

6.7

We comparethis with the theoreticalexpressiorfor the periodin termsof the completeelliptic integral of the
first kind.

4* EllipticKBHSin@ . 2DL%F
6.69998

Quite close. Now we look at a largeramplitudeoscillation.

sol2 = integrate@3, 0<, 0.0, 0.05, 400D;
period@ol2D

16.15

4* E1lipticKBHSin@3. - 2DL*F
16.1555
Again very close.

plrange = 880, 20<, 8- 5, 5<<;
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timeplot@soll, sol2<, 1D

Pendulum8&, G s<= 8), 0, O<

Thereis astriking differencein thewaveform aswell asin the period.

a 3. Damped Free Pendulum

We addsomedampingby settingthe dampingparameteeto 0.5.

parmval = 80.5, 0, 0<;

We checkthe stability of the equilibria.
classify2D@0, 0<D
strictly stable - spiral
classify2D@p, 0<D
unstable - saddle

The upsidedown stateis still unstable andthe other stateis now a stablespiral, thanksto the damping. This
systemwill haveno periodicsolutions althoughit will still beoscillatory. Let'slook atafew orbits.

intlist = 882.5, 0<, 8-2.5, 0<, 80, 2.5<, 80, - 2.5<<;
plrange = 88- 5, 5<, 8- 5, 5<<;

bothdirflag = True;
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dampgraphl = portrait@ntlist, 0.0, 0.1, 200, 1, 2D

Pendulum8&, G s<= 8 0.5Q0 0, O<

Now we look at a few orbitsnearthe saddlepoints. We startby gettingthe eigenvectors.

dampeig = eigsys@p, 0<D

88-1.28078 , 0.780776 <, 88-0.615412 , 0.788205 <, 80.788205 , 0.615412 <<<

dampvecl = First@.ast@ampeigDD

8- 0.615412 , 0.788205 <

dampvec2 = Last@.ast@ampeigDD

80.788205 , 0.615412 <

eps = 0.05;

intlist = 8eql + eps * dampvecl,
eql + eps * dampvec2, eql - eps* dampvecl, eql - eps* vec2,
eq2 + eps * dampvecl, eq2 - eps* dampvecl,
eq2 - eps* dampvec2, eq2 + eps* dampvec2<;

bothdirflag = True;
rangeflag = True; ranger =88-5.1, 5.1<, 8-5.1, 5.1<<;

arrowflag = True; arrowvec = 81¢ 3<;
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dampgraph2 = portrait@ntlist, 0.0, 0.05, 400, 1, 2D

Pendulum8&, G s<= 8 0.5Q0 0, O<

show@ampgraphl, dampgraph2D

Pendulum&, G s<= 8 0.5Q 0, 0<

The bottle-shapedegioninclined at -45 degreess the basinof attractionfor the stableequilibriumat the
origin. Pointsjust to the right of this bottle are attractedto {2p, 0}, and pointsjust to the left are attractedto



drivpen.nb

{-2p, 0}. Because valuesmodulo?p correspondo the samephysicalpoint, all of therelevantphysicsis in the
aboveplot.

a 4. Periodic Solutions of the Driven Pendulum

a A Periodic Solution With Period Equal to Driver Period

Finding parametewalueswhich give a certaintype of solutionis not alwayseasy. We makefree useof
someof the examplesin Baker and Golub here. For our first case,we usethe parametewaluesbelow for

{eGs}.

parmval = {0.5,0.9,2./3.};
We settheintegrationparameters.

h = 0.025;
nsteps = 2000;

initvec = {1.0,0.0};

intreset;

We integrateandplot theresult.
penl = integrate[initvec,t0,h,nsteps];
plotreset;imsize=250;

asprat = 1.0;
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pengraphl = phaser[penl]

Pendulum8&, G s<=80.50 0.90 0.6
w

The systemmayhavereached periodicorbit, butwe will haveto integratefurtherto see.

pen2 = integrate[lastx,lastt,h,nsteps];

arrowflag = True; arrowvec = 81 2<;
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pengraph2 = phaser[pen2]

Pendulum8&, G s<=80.50 0.90 0.6
W

This looksperiodic. Let'slook atatime plot of the solution,andplot thedriver on the samegraph.

asprat = 0.5;
pengraphtime2 = timeplot[pen2,1]

Pendulum8&, G s<=8 0.50 0.90 0.6k
q

LN
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driver[t_] := N[G*Cos[S*t] /. Thread[parmvec -> parmval]]
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drivergraph = plot[driver[t],{t,50,100}]

0.9co049.66666 %L

T
Sl

show[pengraphtime2,drivergraph]

Pendulum8&, G s<=80.50 0.90 0.6k

q
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We seefrom the graphthatthe solutionis periodicwith the sameperiodasthedriver, the periodbeing

driverperiod = N[(2 Pi)/(2/3)]

9.42478

Let's constructa PoincarZmap showingboth the approachto the periodicsolutionandthe final periodic
solution. We beginby constructingan appropriatesolutionlist with drpoinclist. The defaulthumberof pointsof
integrationperperiodis 48, butwe setthatto 96 here.

poincpointper = 96;

pen3 = drpoincsol[initvec,t0,driverperiod,20];

The argumentof drpoinclistare the initial conditioninitvec, the initial time tO, the strobeperiod driverperiod
andthe numberof periods20.

asprat = 1.0;
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pengraph3 = phaser[pen3]

Pendulum8&, G s<=80.50 0.90 0.6
w

This graphis very similar to pengraphbecausét wasconstructedn essentiallythe sameway. Theonly
significantdifferencebetweenan arbitrary solutionlist and one constructedy poinclist,is thatthe time spacinq
in poinclistis commensuratavith the strobeperiod,andthe numberof integrationpoints per periodis equalto
thevalueof pointperwhich we setaboveto 96.

The PoincarZmapis now constructedrom pen3by the routine drpoincmap. The secondargumentof
drpoincmapis the phase(in degreeshat which the mapis to be made. This may be any multiple of 15 degree
from O to 345.

arrowflag = False;
poincptsize = 0.02;
asprat = 1.0;

phase = 0.0;

imsize = 300;
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poincgr3 = drpoincmap[pen3,phase,1l,2]

Pendulum8, G s, phase<= 8 0.50 0.90 0.67, 0<
w

1.5+

1.0

0.5t

The list of coordinateplottedin the PoincarZmap may be obtainedwith the function drpoinclistacting
onthesolutionpen3.

poincerlist3 = drpoinclist[pen3,phase]

880., 1., 0.<, 8942478 , 1.11541 , 1.10857 <,
818.8496 , - 0.902097 , 1.89706 <,
828.2743 , -0.552189 , 1.93606 <, 837.6991 , - 0.556705 , 1.93355 <,
847.1239 , -0.560479 , 1.93356 <, 856.5487 , -0.560251 , 1.93359 <,
865.9734 , -0.560228 , 1.93359 <, 875.3982 , -0.560231 , 1.93359 <,
884.823 , -0.560231 , 1.93359 <, 894.2478 , - 0.560231 , 1.93359 <,
8103.673 , -0.560231 , 1.93359 <, 8113.097 , -0.560231 , 1.93359 <,
8122522 , -0.560231 , 1.93359 <, 8131.947 , -0.560231 , 1.93359 <,
8141.372 , -0.560231 , 1.93359 <, 8150.796 , - 0.560231 , 1.93359 <,
<, <,
<1

N

8160.221 , -0.560231 , 1.93359 8169.646 , - 0.560231 , 1.93359
8179.071 , -0.560231 , 1.93359 8188.496 , - 0.560231 , 1.93359 <<

We seefrom this that the approachto the periodic solutionis rapid. By the fourth strobeperiod, the
systempoint hassettleddown to the final one,within graphicalaccuracy. This is consistentith the graph,on
which we seefour pointsonly.

We now constructa sequencef graphswhich simulateshe strobeprocess.We plot eachsystemstatein
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white on a blackbackgroundandwe alternatehesegraphswith a completelyblackgraph.

strobe@ist D :=
Module@temp, i, templist<, templist = stripsol@ist, 0D;
axon = False; labon = False; ptsize = 0.02; setback@lackD;
Do@emp = templist@diDD; setcolor@White<D; Print@ots@temp<DD;
setcolor@Black<D; Print@ots@temp<DD, 8i, 1, Length@istD<DD

plrange = 88- 2, 2<, 8- 2, 2<<;

strobe@oincerlist3D

If you animatethe graphsequenceyou will seethe strobingof the systempoint at time incrementequa
to the periodof thedriver.

Q)/

Solution Period Equal to Twice the Driver Period

We consideranothersetof parametewraluesfor which the responses periodicwith twice the period of
thedriver. In this examplewe startwith drpoincsol,ratherthandoinga preliminaryintegrationfirst. We go 10
periodsatatime.

plotreset; imsize = 250;

parmval {0.5,1.07,2./3.};

initvec = {8.0,0.0};
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t0 = 0.0;

pen5 = drpoincsol[initvec,t0,driverperiod,10];
asprat = 1.0;

pengraph5 = phaser[pen5]

Pendulum8&, G s<=80.50 1.07 0.6k

It looks asthoughwe may havereacheda periodic solution. We continuethe integration,to geta pure
periodicsolutionwithout the startuptransient.

pen6 = drpoincsol[lastx,lastt,driverperiod,10];
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pengraph6 = phaser[pen6]

Pendulum8&, G s<=80.50 1.07 0.6k

This appeardo be periodicwith a periodof twice thedriver period. We checkthatwith atimeplot.

asprat = 0.5;

plrange All;
display = False;
pengraph7 = timeplot[pen6,1]

Pendulum&, G s<=80.50 1.07 0.6
q

o

140 160 180 200
trange[pen6]

8103.673 , 207.345 <



18 drivpen.nb

driver2 = plot[driver[t], {t,100,210}]

1.07co49.66666 %L
1.0f

0.5}

i
IV

show[pengraph7,driver2]

Pendulum&, G s<=8 0.50 1.07 0.6k
q

8
6
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A closelook showsthatindeedthe solutionrepeatsverysecondperiodof thedriver.

Now we constructthe PoincarZmap. Becausewe are strobing at the driver period and becausethe
solutionhasa periodtwice this, we expectto seeexactlytwo dotson the Poincarzlot.

poincptsize = 0.02;

phase = 0.0;

asprat = 1.0;

plrange = {{2,10},{-3,3}};

imsize = 300;
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poincgr6 = drpoincmap[pené6,phase,l,2]

Pendulum&, G s, phase<=8 0.50 1.07, 0.67, 0<
w
3~

4 6 8 10

- 3L
We seethetwo dots,indicativeof the subharmoniof ordertwo.

We now constructa strobe sequenceshowing the approachto the orbit with period twice the driver
period. We integratefor 20 driver periods.

penémod = drpoincsol[initvec,tO,driverperiod,20];

poincerlistémod = drpoinclist@en6mod, 0D

880., 8., 0.<, 89.42478 , 4.10691 , 1.38013 <,

818.8496 , 3.81135 , 1.15279 <,

828.2743 , 4.06682 , 1.34 <, 837.6991 , 3.80867 , 1.15131 <,
847.1239 , 4.07107 , 1.34299 <, 856.5487 , 3.8074 , 1.15034 <,
865.9734 , 4.07332 , 1.34458 <, 875.3982 , 3.80678 , 1.14985 <,
884.823 , 4.07445 , 1.34537 <, 894.2478 , 3.80647 , 1.14961 <,
8103.673 , 4.07499 , 1.34575 8113.097 , 3.80633 , 1.1495 <,
8122.522 , 4.07525 , 1.34593 8131.947 , 3.80626 , 1.14945 <,
8141.372 , 4.07537 , 1.34602 8150.796 , 3.80622 , 1.14942 <,
8160.221 , 4.07543 , 1.34606 8169.646 , 3.80621 , 1.14941 <,
8179.071 , 4.07546 , 1.34608 8188.496 , 3.8062 , 1.1494 <<

AN NN N AN

We strobethis list.

strobe@oincerlist6modD
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a Rotary Solution With Period Equal to Driver Period

Now we look at a periodic solution in which the pendulumrotatesover the top in eachcycle. The
coordinatethetaincreasesvithout limit. We will usethe function modsolto framethe solutionin a single2 Pi
rangeof theta. We beginby resettingntegrationflagsandplot variables andthensettingthe parametewvalues.

intreset;
plotreset;imsize=250;

parmval = {0.5,1.35,2./3.};

We startwith a 500 pointintegrationto getontothe periodicsolution.
initvec = {0,0};

t0 = 0.0;

h = 0.05;

nsteps = 500;

oversoll = integrate[initvec,t0,h,nsteps];

We checktherangebeforeplotting.
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staterange[oversoll]

880, 8-15.7531 , 25. <, 81.30562 , 2.45 <<,

8w, 8-1.87023 , 23.25 <, 81.02138 , 19.65 <<<
plrange = {{-20,5},{-2,2}};

asprat = 1.0;

overgraphl = phaser[oversoll]

Pendulum&, G s<=80.50 1.35 0.6k
W
2_
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We continuetheintegrationto getthe pureperiodicsolution.

oversol2 = integrate[lastx,lastt,h,nsteps];
staterange[oversol2]

88qg, 8-31.7, 46.55 <, 8-15.7531 , 25. <<,

8w, 8- 1.96557 , 42.15 <, 81.1316 , 47.85 <<<

plrange = {{-40,-10},{-2,2}};
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overgraph2 = phaser[oversol2]

Pendulum8&, G s<=80.50 1.35 0.6k
w
2_

-2L

This looks periodic. (A minor mathematicapoint. Strictly speakingthe solutionis not periodicbecaus

the thetavaluesdo not repeat. However,thetavaluesdiffering by 2 Pi representhe samephysicalpoint. If
points differing by 2 Pi are consideredo be the same,thenthe solutionis periodic.) Therearetwo practica
difficulties. First, the solutionwill keepdrifting to the left, andwe will haveto keepchangingour phaseplane
window if we wish to follow it. Secondijt is hardto tell periodicity because¢heloopsdo not overlayastheydo
in the casewhenthe pendulumoscillatesratherthan going around. We can cure both of thosedifficulties by

using modsol,a function which mapsany coordinateonto a specifiedinterval modulothe interval length. Here
we usetheinterval-Pito Pi, andwe askfor thefirst componenttheta)to be somapped.

modsoll = modsol[oversoll,1l,N[-Pi],N[Pi]];

Now we plot the modified solution. We usedotsratherthana connectedine, sothatwe avoid connect
ing linesatthejumpsattheintervalends.

pointcon = False;

plrange = {{-4,4},{-2,2}};

asprat = 1.0;
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modgraphl = phaser[modsoll]

Pendulum8&, G s<=80.50 1.35 0.6k
w
2_

We repeatfor the pureperiodicsolutionoversol2.
modgraph2 = phaser[modsol[oversol2,1,N[-Pi],N[Pi]]]
Pendulum8, G s<=80.50 1.35 0.6k

w
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The solutionlooks periodic,but the slight thickeningsuggestshat thereis a smallresidualof a transient
We integrateoncemoreto cleanit up.

oversol3 = integrate[lastx,lastt,h,nsteps];
modgraph3 = phaser[modsol[oversol3,1,N[-Pi],N[Pi]]]

Pendulum8&, G s<=80.50 1.35 0.6k

w
2~
1,

-I4“ -I2 lll-q

Now we havea cleanperiodicsolution.

a 5. A Chaotic Solution of the Driven Pendulum

We completeour look at the driven pendulumwith a chaoticsolution. We startby settingthe paramete
values,andresettingheintegrationflagsandplot variables.

parmval = {0.5,1.5,2./3.};
intreset;

plotreset;imsize=250;

We startwith a 500-pointintegrationjustto seewhatthe solutionlookslike.
t0 = 0.0;
h = 0.05;
nsteps = 500;

initvec = {1,0};
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chal = integrate[initvec,tO,h,nsteps];
staterange[chal]

88q, 8-9.28779 , 17.55 <, 81.52742 , 2.1 <<,
8w, 8-2.59838 , 15.2 <, 82.60203 , 19.7 <<<
asprat = 1.0;

plrange = {{-10,2},{-3,3}};

chagraphl = phaser|[chal]

Pendulum8&, G s<=80.50 150 0.6k

Too earlyto tell if it is chaotic,althoughit might be. We do nexta very long integration,usingpoinclist.
andthenlook at the results. We reducethe numberof pointsper periodfrom 96 to the default48, just to halve
the integrationtime. The 200 periodsaskedfor below takesa LONG time to calculate,and the basicidea:
would still comethroughwith a much smallernumberof periods-- say 30. On the otherhand,the Poincar.
mapsget more interestingwith more periods. If you have enoughmemoryand time, try 600 or evenmore
periods.

poincpointper = 48;
poinchao = drpoincsol[lastx,lastt,driverperiod,200];

staterange[poinchao]

88q, 8-72.165 , 922.317 <, 884.7471 , 1530.22 <<,
8w, 8-2.63179 , 401.402 <, 82.62785 , 1904.65 <<<
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The largethetarangeshowsthatwe needto usemodsolto geta morecompacidescription.

poinchaomod = modsol[poinchao,1l,N[-Pi],N[Pi]];
Now we write a simpleloop to producea sequencef PoincarZmapsfor eachof the allowablephases-
thatis, asequencef 24 mapsat 15 degreephasentervals.

plrange = {{-4,4},{-4,4}};

asprat = 1.0;

imsize = 300;

Do[ (Print[drpoincmap[poinchaomod,q,1,2]]),{q,0,345,15}];

Pendulum8, G s, phase<=8 0.50 1.50 0.67, 0<

w
4.
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An animationof the 24 graphsgivessomeinsightinto the variationof the PoincarZmapwith phase.



