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ME 406
Predator-Prey Example

Part 2 - Limit Cycle

In[327]:= sysid
Mat hemati ca 4.1.2, DynPac 10.66, 3/8/2002
In[328]:= intreset;

In[329]:= plotreset;

m |ntroduction

Thisisasimple model of an ecological system with three components: aplant, a small mammal called the Murat
which eats the plant, and a carnivorous predator called the Vekton which eats the mammal. We are using the model to test
our belief that we can control this ecosystem by controlling the plant population. Our goal is to maintain both species at a
healthy numbers. We denote the population of the plant eater by M and the population of the carnivore by V. The basic
equations governing this system were set-up in class. They are
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The parameters were explained in class, so we just review them very briefly here. The parameter A isthe maximum
sustainable population of the plant-eaters in the absence of the carnivores, and the model incorporates thisviaalogistic law.
The parameter A is the one we control, by controlling the plant population, and thisis our only management tool for this
system. The birth rate of the plant-eatersisr. The death rate isin effect incorporated in the logistic law. The second,
negative, term in the M-equation models the effects of the predators. The lossis proportional to the product of the
populations, because this product is proportional to the encounter rate. The denominator is a saturation effect, accounting for
thefact that if the population of plant eaters islarge, predators won't be as hungry and there will be fewer kills per encounter.
In the predator equation, the first term models the birth rate, and accounts for the fact that it will be higher if food is more
plentiful. If food isvery plentiful (M much larger than H), this birth term saturates with arate b*V, so b isthe natural birth
rate with ample food. It isan artificiality of the model that the saturation parameter has the same value H in both equations.

m Defining the System for Mathematica

We define the system for DynPac.

In[330]:= setstate[{M V}I:
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I n[331] :

set par m[{A}1;
In[332]:= slopevec = {r *xMx (L-M/A) - (BxMxV) / (M+H), (bxMxV) / (M+H) -c %V};

With so many parameters, the exploration of the system could take avery long time. To keep things simple, we
choose values for all of the parameters except A (our management variable), and then study the system aswevary A. Thisis
why we have included only A in the parameter vector. The units for the population quantities V, M, H, and A arein millions
of individuals. The units of the time constantsr, beta, b and c are in inverse years. We will assume that A can be varied from
0 up to amaximum of 15. We specify now all of the parameters that will be fixed throughout this study.

In[333]:= r =12 (%% yrt x);
In[334]:= B =20 (%% yr—t =),
In[335]:= b =4 (%% yr 1 sxx);
In[336]:= C=8/5 (%% yrt xx);

In[337]:= H=4 (%% nmllions =x);

In our evaluations below of the effects of changing A, we adopt the following criterion for a healthy ecosystem: if
the population of each species remains above 1 million, we count this as a successful preservation strategy.

= Summary of Part 1
In Part 1, we did adetailed of the equilibrium states as we varied the parameter A. Hereis a summary of the results.
(a) For 0 < A < 8/3, the only stable equilibrium state isthe all-Murat state at the maximum sustainable population A.

(b) For 8/13<A < % <_ 5++/74 ) = 4.8031, the only stable equilibrium state is the state coeq in which members of
both species are present. This equilibrium is a stable node.

(c) For % (—5 +74 ) < A < 28/3, the only stable equilibrium state is coeq, and the state is a stable spiral.

(d) For 28/3 < A, there are no stable equilibrium states.

Because the system is bounded, these results sharply pose the question of what happens to the system for A > 28/3.
The results of Part 1 for A below but near 28/3 suggest the answer. The stable equilibrium, which is a stable spiral, becomes
highly oscillatory. If we go just beyond 28/3, we would expect the spiral to be unstable, and we would expect to find alimit
cyclearound it. In other words, we would look for a Hopf bifurcation. Let us verify all of thiswith our computer work.

= The Equilibrium States

We first find the equilibrium states in terms of the parameter A.

In[338]:= eqstates =findpol yeq

8 4(-8+3A) S

Qut[338]= ({0, 0}, {A 0}, {5, —Fx —
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We see that there are three equilibrium states. The first is{0,0}, in which no animals of either species are present. The
second is {A,0}, in which the Vektons are absent, and the Murats are living free of fear at their maximum sustainable
population A. In thethird state, both species are present. Aswe saw in Part 1, it is the third state which is the stable
equilibrium for A under 28/3. We name this state coeq.

In[339]:= coeq=-eqstates[[3]]

8 4(—8+3A)}

Qut[339] = {? —g A

Let's check the stability of this state just below and just above 28/3.

In[340]:= parnval = 27/3;

In[341]: = cl assify2D[coeq]
Abbrevi ations used in classify2D
L = linear, NL = nonlinear, R2 = repeated root.
Z1 = one zero root, Z2 = two zero roots.

Thi s nessage printed once.

strictly stable - spiral

I n[342] :

parnmval =29 /3;
In[343]:= classify2D[coeq]

unstabl e - spiral

m First Look At The Limit Cycle

We set A to avaue above the bifurcation value, and look at some typical orhits.

In[344]:= parnval = {10};

I n[ 345] :

nst eps = 1000;

In[346]:= h=0.02;

In[347]:= t0=0.0;

In[348]:= initset = {{1, 1}, {4, 3}, {6, 6}, {10, 10}};
In[349]:= plrange = {{-1, 12}, {-1, 12}};

In[350]:= asprat =1.0;
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In[351]:= graphl =portrait [initset, t0, h, nsteps, 1, 2];

\%
12

System {A}={ 10. 00}

10

Thelimit cycleisalittle fuzzy because of the approach orbits. Clearly it is an attractor for the first quadrant. The
orbit leaving the saddle point, which in Part 1 connected with the equilibrium coeq, now merges into the limit cycle. Let's
look at the pure limit cycle.

In[352]:= nsteps =2000;

In[353]:= sol2=1lincyc[{5, 3}, t0O, h, nsteps];
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In[354]: = graph2 = phaser [sol 27;

v System {A}={ 10.00}
12

10

We get the period:
In[355]:= period[sol 2]

Qut[355]= 2.28

Thus a period of 2.28 years. A more realistic model would include such things as seasonal variation of food supply and birth
rates and this would create a non-autonomous system which might tend to lock in to a cycle which is one year or an integral
number of years.

m Parametric Study of the Limit Cycle

The limit cycle appears at A = 28/3, and we have alicense to consider A values up to 15. We now look at a sequence
of limit cyclesfor A = 10(1)15. We use the routine limbifurc to construct the phase portraits for the 6 limit cycles.

In[356]:= t0=0.0;

I n[357]:

h=0.02;

I n[ 358] :

nst eps = 2000;
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In[359]:= plrange = {{-1, 13}, {-1, 13}};

In[360]:= linmbifurc[{5, 3}, tO, h, nsteps, 1, 2, {{10}, {11}, {12}, {133}, {14}, {15}}1;

Limt cycles for parmist = ({10}, {11}, {12}, {13}, {14}, {15}}

v System {A}={ 10.00}
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System {A}={ 11. 00}
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System {A}={ 12. 00}
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System {A}={ 13. 00}
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System {A}={ 14. 00}
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11

v System {A}={ 15.00}

12}

10

N

2 4 6 8 10 12

The most interesting thing about this sequence is the counter-intuitive result that increasing the Murat food supply
(i.e., making A larger), makes the situation worse. Indeed the limit cycle gets larger with increasing A, and comes closer to
Murat extinction with increasing A. Let'slook at the range of population values and the periods for two cases.

In[361]:= parnval = {10};
In[362]:= sol 10 =lintyc[{3, 5}, t0, h, nsteps];
In[363]:= period[sol 10]

Qut[363]= 2.28

In[364]:= parnval = {15};
In[365]:= sol 15 =1lintyc[{3, 5}, t0, h, nsteps];
In[366]:= period[sol 15]

Qut[366] = 3.06

In[367]:= staterange[sol 10]

Qut[367]= {{M {1.1718, 77.06}, ({5.05074, 43.76}}, {V, {2.15748, 56.98}, {3.53315, 71.9}})
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In[368]:= staterange[sol 15]

ut[368]= {{M (0.0525592, 67.86}, {12.5627, 56.94}}, {V, {0.912458, 44.16}, (5.35826, 61.08}})

Thus we see that for A = 10, the Murat population ranges from 1.17 to 5.05 million and the Vekton population ranges from
2.16 to 3.53 million. For A =15, the Murat range is 0.05 to 12.56 million and the V ekton range is 0.91 to 5.36 million.
Clearly the increased food supply increases the average values of the population, but because of the large excursions, it
lowers the minimum value. Asthe minimum value is lowered, the danger of extinction from random events such as a season
of bad weather increases.

Asafinal visualization, we make movie showing the development of the limit cycle as A varies from 10 to 15 in
increments of 0.1. We first define a function which produces a single graph of the limit cycle as afunction of A, and then
testit for A = 11.

In[369]:= graph[aval _]:= (parnval = {aval }; phaser [lincyc[{3, 5}, t0, h, nsteps]]);

I n[370] :

setcol or [{Blue}q;

In[371]:= decdig =1;

In[372] :

sysname = " Predat or -Prey";

In[373]:= graph[11.0];

v Predator -Prey {Aj={ 11.0)}

12}

10|

Now we use a Do loop to make the movie.
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In[374]:= Do[graph[10.0+0.1%i1]1, {i, O, 50}1;

v Predator -Prey {A}={ 10.0}
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