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ME 201 / MTH 281
Assignment #6 Solutions

Oct. 22, 2009

m Problem 1 (d)

We first define the dimensionless solution for Mathematica. We call it T[x,t,n], where n is the
number of terms to be kept in the partial sum.

T[x ,t_,n_] :=

n-1 4.0 4.0(2m+ 1)*x%t, . (2m+ 1) n (x*-1)
é 2@+ 1) nExp[— 5 ]Sln[ _— ]

The one term approximation is the first term of this series. We name it Tapprox[x,t].
Tapprox[x_, t_] =T[x, t, 1]

1.27324 e *3%*°® 5in[1.0472 (-1 +%%)]

We check our series solution by plotting the initial condition. We will need many terms because of the
1/n convergence, and we expect to see the Gibbs phenomenon. We use 100 terms in the series.

Plot[T[x, O, 100], {x, 1, 2}, AxesLabel » {"x", "T"},
PlotRange » {-0.2", 1.2}, PlotLabel » Row[{"t = ", 0}]]

t =20

“0.2L0

About what we expected. Good convergence over the interior, with the Gibbs overshoots at the end-
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points. Now that we know the series is working, we avoid this by defining T at time t=0 to be equal to
the initial condition.

T[x ,0,n_]=1.0;
We now define a function which produces a graph of T versus x for a given time t. We plot T in blue,
and the long-time approximation in red. We use 20 terms in the partial sum.

graph[t_] := Plot[{T[x, t, 20], Tapprox[x, t]}, {x, 1, 2},
AxesLabel -» {"x", ""}, PlotRange » {-0.2", 1.257},
PlotStyle » {RGBColor[0O, O, 1], RGBColor[1l, 0, 0]},
PlotLabel -» Row[{"T (blue) and

Tapprox (red) at t =", PaddedForm[t, {4, 3}]}1]

We try this at t =0.

graph[0]

T (blue) and
Tapprox (red) at t = 0.000

—0.2L

Now we choose the times at which to make a plot. The dimensionless e-folding time of the first
mode is

9/ (4. »%)
0.227973

We run our graphs out to t =0.25. We make 11 graphs at time increments of 0.025.

Do[Print[graph[i *0.025]], {i, 0, 10}];
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T (blue) and
Tapprox (red) at t = 0.000

T (blue) and
Tapprox (red) at t = 0.025
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T
Tapprox

(blue)
(red)

and
at t

0.050

T
Tapprox

(blue)
(red)

and
at t

0.075
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T (blue) and
Tapprox (red) at t = 0.100

T (blue) and
Tapprox (red) at t = 0.125
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T
Tapprox

(blue)
(red)

and
at t

0.150

T
Tapprox

(blue)
(red)

and
at t

0.175
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T (blue) and
Tapprox (red) at t = 0.200

T (blue) and
Tapprox (red) at t = 0.225
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T (blue) and
Tapprox (red) at t = 0.250

-0.2L

For the shorter times, the higher modes are important, but by the time t has reached 0.1, the one

term approximation and the series solution essentially coincide graphically. If we make on the order of

100 graphs or so, we can get an excellent movie of the decay process. We do that now, but only show

the first graph. The movie is played by going to the Graphics->Rendering->Animate Selected Graph-
ics.

Do[Print[graph[i * 0.005]], {i, O, 100}];

T (blue) and
Tapprox (red) at t = 0.000
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m Challenge Problem

Our task is to plot the ratio of the thermal energy at time t to the initial thermal energy, where
we will use the dimensionless time in the plot. As we showed in the solution sheet, this ratio is an
infinite sum of time exponentials. We define first a term in the series, and then a partial sum.

term[t_, k_] := (1/(2k + 1)"2) Exp[- (47n"2 (2k + 1)"2t) /9]

The nth partial sum is

energy[t_, n_] := (8/7"2) Sum[term[t, k], {k, O, n}]

The convergence is slowest at the initial time, but if we take 20 terms, the last term kept will be less
than 1/400 of the first term. Thus we may truncate the series at 20 terms with no loss of graphical
accuracy. We run the graph out to three times the e - folding time for the first term, hence to

(3.0) (9/ (47"2))

0.683918

tfinal =0.70
0.7
Plot[energy[t, 10], {t, 0, 0.7},

AxesLabel » {"t", "Normalized Energy"},
PlotLabel -» "Challenge Problem"]

Challenge Problem

Normalized Energy
1.0

No surprises here. A smooth monotonic decay from an initial 1, with significant decay in a moderate
multiple of the diffusion time.



