
ME 201/MTH 281/ME 400/CHE 400 
 ASSIGNMENT #3  2009 

  
 Assignments handed in by 6 PM on Wednesday September 23 will receive a 5 point 
bonus.  Assignments handed in after that but by 6 PM on Thursday September 24 will receive 
full credit but no bonus.  No assignments will be accepted after 6 PM on Thursday.  
 
LECTURE SCHEDULE AND READING 
Section in Class Notes     Date  Section in Text 
2.2 Convergence of Fourier Series        W, Th, F Sept. 16,17, 18   3.2, 3.4, 3.5 
2.3 Orthogonality      M Sept. 21           2.3.6 
  
PROBLEMS 
2.2 CONVERGENCE OF FOURIER SERIES 
 
(1) (15 points) This problem is concerned with the Fourier series of f (x) = 1

4 2x
2 − x4( )  on 

−1 ≤ x ≤ 1. 
 
 (a) (5 points)Sketch on −3 ≤ x ≤ 3  the periodically extended function represented by the 
Fourier series. 
 
 (b) (5 points) Based on the smoothness of the periodically extended function, make a 
prediction about how fast the coefficients drop off with n in the Fourier series for this function. 
 
 (c) (10 points) By calculating the Fourier coefficients (you might want to use 
Mathematica to do this), show that the Fourier series for f (x)  on −1 ≤ x ≤ 1  is given by 

   f (x) = 7
60

+
12(−1)n

n4π 4 cos nπ x( )
n=1

∞

∑ .    

Use your answer to check your prediction of part (b).      
 
(2) (15 points) This problem deals with termwise differentiation. 
 (a) (10 points) Find the Fourier series for g(x) = x − x3  on −1 ≤ x ≤ 1 by calculating the 
coefficients directly from the defining formulas.  (Again you can save some labor by using 
Mathematica.) 
 
  (b) (5 points) Find the Fourier series for g(x) = x − x3  on −1 ≤ x ≤ 1 by differentiating 
termwise the series obtained in problem 1 for 14 2x

2 − x4( ) , and show that you get the same result 
as in part (a).  

 
(3) (15 points)  This problem deals with termwise integration of a Fourier series.  Let 
f (x) = 1

4 2x2 − x4( )  and g(x) = x − x3  on −1 < x ≤ 1 , with both functions periodically extended 
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with period 2.  The Fourier series for these functions were obtained in problems 1 and 2 above. 

From basic calculus, we have g( ′x )d ′x = ( ′x − ′x 3)d ′x = 1
4 2x

2 − x4( ) = f (x) ,
0

x

∫
0

x

∫   for any x in 

[−1,1].   According to a theorem stated in class on integration of Fourier series, we get a valid 
result when we integrate the series for g(x) termwise.  Carry out such an integration from x = 0 to 
a generic x.  According to the above formula, the result of that integration should be the Fourier 
series for f(x).  Explore this in detail and show that the truth of that statement requires the 

following: 
(−1)n+1

n4
=
7π 4

720
.

n=1

∞

∑   Use the sum function in Mathematica to verify the truth of this 

last equality.  In principle one could use this series to calculate approximations to π. 
 
2.3 ORTHOGONALITY 
 
(4)  (15 points)  
 (a) (5 points) Show that the two vectors given below (where i, j, and k are the usual 
rectangular Cartesian unit vectors) are orthogonal.  Find a third vector E3  which is orthogonal to 
both E1  and E2 .   This third vector is not unique.  Choose one with a positive x–component. 

E1 = i+ j + k, E2 = −i + 2 j − k . 
 (b) (5 points) By dividing each E by its length, form a set of three normalized vectors 

� 

e1,  e2,  and e3.   
 
 (c) (5 points) Let A = i - 4j + k.  Use orthogonality to find coefficients c1, c2, and c3 such 
that A = c1e1 + c2e2 + c3e3.   Verify that |A |2= c1

2 + c2
2 + c3

2 .  
  
 (5) (20 points)  
 (a) (10 points) The Fourier series on 

� 

−1≤ x ≤1 of f (x) = 1
4 2x

2 − x4( )  was obtained in 
problem (1).  Use this series and Parseval’s theorem to prove that 

1
n8

=
π 8

9450n=1

∞

∑ .  

 (b) (5 points) Use Mathematica and the series of part (a) to calculate a numerical 
approximation to π.  Find the minimum number of terms required to reproduce the digits 
3.1415926536. 
  
 (c) (5 points) Use the Sum function in Mathematica to see if Mathematica knows the 
exact result for this series. 
 
 
 
 
 

 
(CONTINUED NEXT PAGE) 
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(6) (20 points)  In class we discussed Parseval’s theorem, which says that if f(x) has, on the 
interval [-L, L], the Fourier series 

a0 + an cos
nπ x
L

⎛
⎝⎜

⎞
⎠⎟n=1

∞

∑ + bn sin
nπ x
L

⎛
⎝⎜

⎞
⎠⎟
,  

then 

f (x) 2 dx
−L

L

∫ = 2L a0
2 + L ( an

2

n=1

∞

∑ + bn
2 ) .  

We didn’t establish the conditions for which this is true, but it is known that a sufficient 
condition is that f(x) is piecewise continuous on [-L, L] (the theorem is actually true for a much 
more general class of functions).   It is true whether f is real or complex.  If f is real, all of the 
squares of absolute values become just squares.  In this problem you are asked to derive a closely 
related result.  If f has the Fourier series given above and if g has the Fourier series 
 

A0 + An cos
nπ x
L

⎛
⎝⎜

⎞
⎠⎟n=1

∞

∑ + Bn sin
nπ x
L

⎛
⎝⎜

⎞
⎠⎟
,  

then show that  

f (x)g(x)dx
−L

L

∫ = 2La0A0 + L (anAn
n=1

∞

∑ + bnBn ) .  

 
You may use the same informal heuristic approach we used in class, and you do not have to 
discuss the convergence of the series.  It is known that sufficient conditions for this to be true are 
that both f and g be piecewise continuous on [-L, L].  Interpret this result in terms of the dot 
product of vectors.   
 
CHALLENGE PROBLEM 
 
 In this problem you will explore mean square approximation.  The main result will be an 
interesting theorem showing in what sense a finite Fourier series gives an optimal approximation 
for a given function.  Suppose we have a finite set of functions 

 
ϕk (x),  k = 1,2,…N ,  defined on 

a ≤ x ≤ b.   In what follows, you may assume these functions to be well-behaved (e.g., C2).  
Suppose that the functions have the following properties:  they are orthogonal 

ϕm (x)ϕn (x)dx = 0 for m ≠ n
a

b

∫ , 

 and they are normalized 

ϕm (x)( )2 dx = 1
a

b

∫ . 

Consider the problem of constructing an approximation to a given f(x) in terms of these N 
functions.  A general approximation has the form  

fapp (x) = γ mϕm (x).
m=1

N

∑  

 
(CONTINUED NEXT PAGE) 
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For different choices of the coefficients γ m  we get different approximations.  One possible 
choice, familiar to us from our earlier work, is the set of Fourier coefficients fm, defined by 

fm =
f (x)ϕm (x)dx

a

b

∫

ϕm (x)( )2 dx
a

b

∫
= f (x)ϕm (x)dx

a

b

∫ .  

We define the mean square error E of any approximation by  

E = f (x) − fapp (x)( )2
a

b

∫ dx = f (x) − γ mϕm (x)
m=1

N

∑⎛
⎝⎜

⎞
⎠⎟

2

dx.
a

b

∫  

Show that if you consider all possible sets of coefficients γ m , the set which minimizes E is 
γ m = fm  – that is the Fourier coefficients give the best mean square approximation.   


