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ME201/MTH281/ME400/CHE400
Fourier Sine and Cosine Series
Mathematica 7

Y 1.Introduction

This notebookis a modificationof anearliernotebook Convergencef FourierSeries. In the presennhotebookthe
techniquef theearliernotebookaremodifiedto producevisualizationsof boththe sineandcosineseriesof agiven
function. To usethe codefor a particularfunction,you mustdefinethefunctionin Section2 below. Section? is theonly
placewherespecificinformationaboutthe functionis given. Section3 containsthe definitionsof thetermsandpartial
sumsof theseriesandSectiond definesfunctionswhich producegraphsof the nth partialsumsfor anyn. Section5
definesa computationallyefficient routinefor producingsequencesf all partialsumsup to a specifiedn.

Y 2. Definition of Function and Fourier Coefficients

In thedefinitionsbelow,we first definethefunctionoverabasicinterval [0, L] andthenspecifythevalueof L.
The basicfunctionis calledfbas. Theevenandoddextensionarethendefined. Theyarecalledfbasevandfbasod.
Finally the periodicallyextension®f theevenandodd extensionsredefined. Theyarenamedev andfod. To illustrate
the procedurewe carryit throughfor theexamplex + x?with L = 1.

fbas @&_D: = x +x?

L= 1;
fbasev @&_D: = If @ = OL, fbas @D, fbas @ xDD
fbasod @_D: = If @ = OL, fbas @D, -fbas @ xDD

Now we periodicallyextendthese usingthe Mathematica functionMod. ThefunctionMod[x ,2*L ,-L] (1) addsL to x, (2)
calculategheremaindeion dividing (1) by 2*L, (3) subtractd from (2). This hastheeffectof shifting the originalx
repeatedhyby +2L until it falls into therange[-L,L). This modifiedx is thenusedastheargumenbf the original functions
fbasev[x]andfbasod[x].

fev @&_D: = fbasev @Mod@, 2 =L, -LDD
fod @&_D: = fbasod @Vod@, 2 xL, -LDD

For purpose®f plotting yetto come, we specifythe minimumfmin andthe maximumfmax of thefunctionsfbasev
andfbasod.

fmin = -2.0;

fmax = 2.0;
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We give herethe Fouriercosinecoefficientsandthe Fouriersinecoefficientsfor the functionsfev andfod
respectively.We assumehesehavebeencalculatecelsewhereandthevaluesaresuppliedherein the definitionsof the
coefficients. We denotethe cosinecoefficientsby a[n] andthe sinecoefficientsby b[n]. For conveniencén later
calculationswe defineb[0] = 0.

a@Db=5¢ 6;

a@ _D: = If @venQ@D, 4, -8D' I n?> M

b@D = 0;

b@_D: = If AEvenQ@D, -1, 1-2° I n? x"°ME+ H4 ¢ Hn nLL

EvenQis alogical functionof anintegerargumentvhich returnsTrueif its argumenis even,Falseotherwise.

Y 3. Terms and Partial Sumsof Fourier Series

Now we definethe nth termof the Fouriercosineseries calledfourtermev,andthe nth termof the Fouriersineseries,
calledfourtermod.

fourtermev[x_,n_] =
N[ a[ n] *Cos[ (n*n*x) /L] ]

fourtermod[x_,n_] =
N[ b[n] *Sin[ (n*x*x)/L]]

Thenth partial sumof the cosineseriess foursumevandthe nth partial sumof the sineseriesis foursumod givenby

foursumev[x_,n_] = Sumlfourtermev[x,k],{k,0,n}]

foursumod[x_,n_] Sum([fourtermod[x,k],{k,0,n}]

Y 4. Graphs of fev[x], fod[x] and Partial Sumsof Fourier Cosineand Sine Series

Thefunctionpicev[n] givesagraphof the functionfev[x] andof the nth partialsumof the Fouriercosineseries. The
function picod[n] givesa graphof thefunctionfod[x] andof the nth partialsumof the Fouriersineseries. To getaplot of
thefunctionfev only, usepicfuncev. To geta plot of the functionfod only, usepicfuncod. Thefunctionsfev andfod arein
blue,andthe partialsumsof the Fourierseriesarein red. Therangethatis plottedis user-specified. Theleft end-pointis
Ifend, theright end-pointis rtend. Thedefault,assetbelow,givesa half-periodextensioron eitherendof the basicperiod.
The numberof pointsplottedin eachgraphis specifiedby thevariablenpoints. The default,setbelow,is 500. If your
computatiortimesseemexcessiveyou canmakethis numbersmaller.

lfend = -1.5%;

rtend = 1.5*L;

frange = fmax - fmin;
pltrange =

{{!fend, rtend}, {f m n-0. 2*frange, f max+0. 2*frange}};
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npoints = 500;

SetOptions @Plot , ImageSize -> 250D,

picfuncev = Plot[fev[x],{x,Ifend,rtend},PlotStyle ->
{RGBColor[0,0,1], Thickness[0.004]},PlotPoints ->  npoints,
PlotPoints  -> npoints,PlotRange -> pltrange,
AxesLabel -> {'x","fev[x]"},AspectRatio -> 1.0]
picfuncod := Plot[fod[x],{x,/fend,rtend},PlotStyle ->
{RGBColor[0,0,1], Thickness[0.004]},PlotPoints ->  npoints,
PlotPoints  -> npoints,PlotRange -> pltrange,
AxesLabel -> {"x","fod[x]"},AspectRatio > 1.0]
picevin_] = Plot[{foursumev[x,n],fev[x]},{x,lfend,rtend},
PlotStyle  ->
{{RGBCol or[ 1, 0,0], Thi ckness[ 0. 004] }, {RGBCol or[ 0, 0, 1], Thi ckness[ 0. 004] }},
PlotPoints -> npoints,PlotRange -> pltrange,
AxesLabel -> {'x","fev[x]"},AspectRatio -> 1.0,
PlotLabel -> Row[{"n =",PaddedForm[n,2]}]]
picod[n_] := Plot[{foursumod[x,n],fod[x]},{x,Ifend,rtend},
PlotStyle  ->
{{R@BCol or[ 1, 0,0], Thi ckness[ 0. 004]}, {RGBCol or[ 0, 0, 1], Thi ckness[ 0. 004]}},
PlotPoints  -> npoints,PlotRange -> pltrange,
AxesLabel -> {'x","fod[x]"},AspectRatio -> 1.0,

PlotLabel -> Row[{"n =",PaddedForm[n,2]}]]

Let'stry thisout. We producefirst graphsof the basicfunctions,thengraphsof the partialsumsfor n = 5, andthena
sequencef graphsof partialsumsfor eachseriesupto andincludingn = 5. We producethe sequenceby Do loops.

pi cfuncev

fev [x]

2_

1L
I||||I||||I||||||||I||||I||||IX
-15 -1.0 -05 - 0.5 1.0 15

-1+

ol
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pi cfuncod

fod

[x]

-15 -10

pi cev[ 5]

0.5
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picod @D
n= 5
fod [x]
oL
L
-15 -10 -0.5 r 0.5 1. 1.5
4L
ol

Do[ Print[picev[n]],{n,1,5}];

n =1

fev [x]
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Do[ Print[picod[n]],{n, 1,5}];

0.5

1.0

15



sincos.nb

-15

0.5

-15

15



sincos.nb

-15

0.5

-15

15



sincos.nb 10
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The extendedod hasdiscontinuitiesandwe canseefrom its graphshatmanymorepartialsumsareneededo get
aresultcloselyresemblingheoriginalfod[x]. It is possibleto producea muchlongersequencef graphsby this same
techniqueputthe computatiortime becomedarge. The problemis thatourtechniques veryinefficient. Foreachgraph
in thesequenceve arerecomputingall of the previousterms. An efficienttechniquestorestheresultfor partialsumk and
usesit to computepartialsumk+1. We developsuchatechniquenext,anduseit to generate largegraphsequence.

Y 5. Efficient Production of a Sequenceof Partial Sum Graphs

Ourtechniquss to find andsavethe valuesof the kth partialsumsat everyplottedpoint. Thento getthe partialsums
for k+1, we only haveto incrementhosevaluesby thevalueof thenewterm. Thuseachsucceedingraphrequireshe
evaluationof only onetermin the series. We mustthenchangeour graphingtechniquethough,becausdlot worksonly
for functionsdefinedanalytically. Forthe presentasewe canuseListPlot, which plotsa givennumericalsetof points.
Theroutinesdefinedherearecalledpicarrayevandpicarrayodwith integerargumentgfirst, last,grinc,ninc]. First is then
valueof thefirst partialsumin the sequencandlast is thelastn value. Thevariablegrinc specifieshe stepbetween
displayedgraphs. All the partialsumsarecalculatedput by choosinggrinc greaterthanl, you candisplayevery"grincth”
graph. Thevariableninc is normallysetequalto 1. It specifiesheintervalat which partialsumsarecalculated.For
example for aseriesn which only the odd Fouriercoefficientsarenon-zerowe canspecifyninc = 2, andit will savethe
calculationof the zerotermsfor evenn. Thefunctionsdefinedbelowareusedby picarrayto calculatecoordinatdists and
to producegraphs.

SetOptions @.stPlot , ImageSize -> 250D;

mksumlistev[n_] = Module[{ans,x,inc,j},
ans = {{lfend,foursumev(lfend,n]}};
inc = (rtend-Ifend)/npoints;
Do[x = Ifend + j*inc;
ans = Append[ans,{x,foursumev[x,n]}],{j,1,npoints}];
ans]
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mksumlistod[n_] :=  Module[{ans,x,inc,j},
ans = {{lfend,foursumod[lfend,n]}};
inc = (rtend-Ifend)/npoints;
Do[x = Ilfend + j*inc;
ans = Append[ans,{x,foursumod[x,n]}],{j,1,npoints}];
ans]

mktermlistev[n_] = Module[{ans,x,inc,j},
ans = {{0.0,fourtermev[lfend,n]}};
inc = (rtend-Ifend)/npoints;
Do[x = Ilfend + j*inc;
ans = Append[ans,{0.0,fourtermev[x,n]}],{j,1,npoints}];
ans]

mktermlistod[n_] = Module[{ans,x,inc,j},
ans = {{0.0,fourtermod[lfend,n]}};
inc = (rtend-Ifend)/npoints;
Do[x = Ilfend + j*inc;
ans = Append[ans,{0.0,fourtermod[x,n]}],{j,1,npoints}];
ans]

funclistev = Module[{ans,x,inc,j},
ans = {{lfend,fev[ifend]}};
inc = (rtend-Ifend)/npoints;
Do[x = Ilfend + j*inc;
ans = Append[ans.{x,fev[x]}].{j,1,npoints}];
ans]

funclistod = Module[{ans,x,inc,j},
ans = {{lfend,fod[lfend]}};
inc = (rtend-Ifend)/npoints;
Do[x = Ilfend + j*inc;
ans = Append[ans,{x,fod[x]}],{j,1,npoints}];
ans]

mkgraph[list_,rcol_,gcol_,bcol_] = ListPlot[list,
PlotJoined -> True, PlotStyle ->
{R@Col or[rcol, gcol, bcol ], Thi ckness[ 0. 004]},
PlotRange -> pltrange,ImageSize->250]

picarrayev(first_,last_,grinc_,ninc_] := Module[
{sumist,ternist,k, grph, grph0O},
sumlist = mksumlistev[first];

grph0 = mkgraph[funclistev,0,0,1];

grph = mkgraph[sumlist,1,0,0];

Print[Show[{grphO0,grph},AxesLabel > {"x","fev[x]"},

AspectRatio -> 1.0, PlotLabel ->

Row[{"n =",PaddedForm([first,3]}]I;

Do[sumlist = sumlist+tmktermlistev[k];
If[(Mod[k-first,grinc]== 0),
(grph = mkgraph[sumlist,1,0,0];
Print[Show[{grph0,grph},AxesLabel > {"x","fev[x]"},
AspectRatio -> 1.0, PlotLabel ->
Row[{"n =",PaddedForm[k,2]}ID].
{k,first+ninc,last,ninc}]]
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picarrayod[first_,last_,grinc_,ninc_] = Module[
{sumist,termist,k, grph, grphO},
sumlist = mksumlistod[first];

grph0 = mkgraph[funclistod,0,0,1];
grph = mkgraph[sumlist,1,0,0];
Print[Show[{grph0,grph},AxesLabel ->  {"x","fod[x]"},
AspectRatio -> 1.0, PlotLabel ->
Row[{"n =",PaddedForm(first,3]}]]];
Do[sumlist = sumlist+mktermlistod[k];
Iff(Mod[k-first,grinc]== 0),
(grph = mkgraph[sumlist,1,0,0];
Print[Show[{grph0,grph},AxesLabel -> {"x","fod[x]"},
AspectRatio -> 1.0, PlotLabel ->
Row[{"n =",PaddedForm[k,2]}ID].
{k,first+ninc,|ast,ninc}]]

As anexamplewe executepicarrayev[l1,5,4,1&ndpicarrayod[1,5,4,1]This will startwith n= 1 andthendisplayevery4th
graphupton=5--i.e.,graphsl and5, for boththe cosineandsineseries. Thelastintegerl tells picarraythatFourier
coefficientsarenonzercandneedto beincludedfor everyn.
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pi carrayev[ 1,5, 4, 1]

n

fev [x]

0.5

1.0

15
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pi carrayod[ 1, 5, 4, 1]

-1.5 -1 -0.5 - 0.5 1. 15

-1.5 -10 -05 - 0.5 1. 15

Now we usethis newfastermethodto displaythe partialsumsfor the cosineseriesup to n = 20, andfor the sineseries
upton=>51. Wedisplayeverygraphin thesequencéy settinggrinc= 1. Animatethe graphsequenceto getagoodview
of the convergenc@rocess.In the printedversionof this notebookwe displayonly thefirst graphin eachsequence.

pi carrayev[1, 20,1, 1];
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For visualizationin the printedversionof this notebookwe showeverysecondyraphof thefirst 9.

picarrayev @, 9, 2, 1D

n = 1
fev [Xx]
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Now we look atthe Fouriersineseriesfor the odd extension.In the printedversionof the notebookwe seeonly the
first graph. To play thegraphsequencasa movie,selectthe cell belowandthengo to the menuGraphics->Rendering-
>Animate Selected Graphics.

picarrayod @, 51, 1, 1D
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For visualizationof the sineseriesin the printedversionof this notebookwe againconstructa sequenceunningup
to n =51, displayingevery10thgraph.

picarrayod @, 51, 10, 1D;

n = 1
fod [x]

-1.5 -1 -05 - 0.5 1. 15
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fod [x]

-0.5 - 0.5

n = 21
fod [x]

-0.5 - 0.5
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n = 51
fod [x]

The Gibbsphenomenoifthe overshoohearthediscontinuitiesshowsclearly here.



