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Ÿ 1. Introduction

This notebook is a modification of an earlier notebook, Convergence of Fourier Series.  In the present notebook, the 
techniques of the earlier notebook are modified to produce visualizations of both the sine and cosine series of a given 
function.  To use the code for a particular function, you must define the function in Section 2 below.  Section 2 is the only 
place where specific information about the function is given.   Section 3 contains the definitions of the terms and partial 
sums of the series, and Section 4 defines functions which produce graphs of the nth partial sums for any n.  Section 5 
defines a computationally efficient routine for producing sequences of all partial sums up to a specified n.  

Ÿ 2. Definition of Function and Fourier Coefficients

In the definitions below, we first define the function over a basic interval [0, L] and then specify the value of L.  
The basic function is called fbas.  The even and odd extensions are then defined.  They are called fbasev and fbasod.  
Finally the periodically extensions of the even and odd extensions are defined.  They are named fev and fod.  To illustrate 
the procedure, we carry it through for the example x + x2with L = 1. 

fbas @x_ D : = x + x2

L =  1;

fbasev @x_ D : = If @Hx ¥ 0L, fbas @xD, fbas @-xDD

fbasod @x_ D : = If @Hx ¥ 0L, fbas @xD, - fbas @-xDD

Now we periodically extend these, using the Mathematica function Mod.  The function Mod[x ,2*L ,-L] (1) adds L to x, (2) 
calculates the remainder on dividing (1) by 2*L, (3) subtracts L from (2).  This has the effect of shifting the original x 
repeatedly by ±2L until it falls into the range [-L,L).  This modified x is then used as the argument of the original functions 
fbasev[x] and fbasod[x].  

fev @x_ D : = fbasev @Mod@x, 2 * L, -LDD

fod @x_ D : = fbasod @Mod@x, 2 * L, -LDD

For purposes of plotting yet to come,  we specify the minimum fmin and the maximum fmax of the functions fbasev 
and fbasod.  

fmin  =  -2.0;

fmax  =  2.0;

We give here the Fourier cosine coefficients and the Fourier sine coefficients for the functions fev and fod 
respectively.  We assume these have been calculated elsewhere, and the values are supplied here in the definitions of the 
coefficients.  We denote the cosine coefficients by a[n] and the sine coefficients by b[n].  For convenience in later 
calculations, we define b[0] = 0.
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We give here the Fourier cosine coefficients and the Fourier sine coefficients for the functions fev and fod 
respectively.  We assume these have been calculated elsewhere, and the values are supplied here in the definitions of the 
coefficients.  We denote the cosine coefficients by a[n] and the sine coefficients by b[n].  For convenience in later 
calculations, we define b[0] = 0.

a@0D = 5 • 6;

a@n_D : = If @EvenQ@nD, 4, -8D‘ I n2 p2M

b@0D = 0;

b@n_D : = If AEvenQ@nD, -1, 1 - 2 ‘ I n2 p2ME* H4 • Hn pLL

EvenQ is a logical function of an integer argument which returns True if its argument is even, False otherwise.

Ÿ 3. Terms and Partial Sums of Fourier Series

     Now we define the nth term of the Fourier cosine series, called fourtermev, and the nth term of the Fourier sine series, 
called fourtermod.

fourtermev[x_,n_]  :=  
N[ a[ n] * Cos[ ( n* p* x) / L] ]

fourtermod[x_,n_]  :=  
N[ b[ n] * Si n[ ( n* p* x) / L] ]

     The nth partial sum of the cosine series is foursumev and the nth partial sum of the sine series is foursumod, given by

foursumev[x_,n_]  :=  Sum[fourtermev[x,k],{k,0,n}]

foursumod[x_,n_]  :=  Sum[fourtermod[x,k],{k,0,n}]

Ÿ 4. Graphs of fev[x], fod[x] and Partial Sums of Fourier Cosine and Sine Series

     The function picev[n] gives a graph of the function fev[x] and of the nth partial sum of the Fourier cosine series.  The 
function picod[n] gives a graph of the function fod[x] and of the nth partial sum of the Fourier sine series.  To get a plot of 
the function fev only, use picfuncev.  To get a plot of the function fod only, use picfuncod.  The functions fev and fod are in 
blue, and the partial sums of the Fourier series are in red.  The range that is plotted is user-specified.  The left end-point is 
lfend, the right end-point is rtend.  The default, as set below, gives a half-period extension on either end of the basic period.  
The number of points plotted in each graph is specified by the variable npoints.  The default, set below, is 500.  If your 
computation times seem excessive, you can make this number smaller. 

lfend  =  -1.5*L;

rtend  =  1.5*L;

frange  =  fmax  -  fmin;

pltrange  =  
{ { l f end, r t end} , { f mi n- 0. 2* f r ange, f max+0. 2* f r ange} } ;
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npoints  =  500;

SetOptions @Plot , ImageSize -> 250D;

picfuncev  :=  Plot[fev[x],{x,lfend,rtend},PlotStyle  ->
{RGBColor[0,0,1],Thickness[0.004]},PlotPoints  ->  npoints,
PlotPoints  ->  npoints,PlotRange  ->  pltrange,

AxesLabel  ->  {"x","fev[x]"},AspectRatio  ->  1.0]

picfuncod  :=  Plot[fod[x],{x,lfend,rtend},PlotStyle  ->
{RGBColor[0,0,1],Thickness[0.004]},PlotPoints  ->  npoints,
PlotPoints  ->  npoints,PlotRange  ->  pltrange,

AxesLabel  ->  {"x","fod[x]"},AspectRatio  ->  1.0]  

picev[n_]  :=  Plot[{foursumev[x,n],fev[x]},{x,lfend,rtend},
PlotStyle  ->  

{ { RGBCol or [ 1, 0, 0] , Thi ckness[ 0. 004] } , { RGBCol or [ 0, 0, 1] , Thi ckness[ 0. 004] } } ,
PlotPoints  ->  npoints,PlotRange  ->  pltrange,
AxesLabel  ->  {"x","fev[x]"},AspectRatio  ->  1.0,
PlotLabel  ->  Row[{"n  =",PaddedForm[n,2]}]]

picod[n_]  :=  Plot[{foursumod[x,n],fod[x]},{x,lfend,rtend},
PlotStyle  ->  

{ { RGBCol or [ 1, 0, 0] , Thi ckness[ 0. 004] } , { RGBCol or [ 0, 0, 1] , Thi ckness[ 0. 004] } } ,
PlotPoints  ->  npoints,PlotRange  ->  pltrange,
AxesLabel  ->  {"x","fod[x]"},AspectRatio  ->  1.0,
PlotLabel  ->  Row[{"n  =",PaddedForm[n,2]}]]

     Let's try this out.  We produce first  graphs of the basic functions, then graphs of the partial sums for n = 5, and then a 
sequence of graphs of partial sums for each series, up to and including n = 5.  We produce the sequences by Do loops.

pi cf uncev
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pi cf uncod
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pi cev[ 5]
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picod @5D
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Do[ Pr i nt [ pi cev[ n] ] , { n, 1, 5} ] ;
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Do[ Pr i nt [ pi cod[ n] ] , { n, 1, 5} ] ;
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The extended fod has discontinuities, and we can see from its graphs that many more partial sums are needed to get 
a result closely resembling the original fod[x].  It is possible to produce a much longer sequence of graphs by this same 
technique, but the computation time becomes large.  The problem is that our technique is very inefficient.  For each graph 
in the sequence we are recomputing all of the previous terms.  An efficient technique stores the result for partial sum k and 
uses it to compute partial sum k+1.  We develop such a technique next, and use it to generate a large graph sequence.

Ÿ 5. Efficient Production of a Sequence of Partial Sum Graphs

     Our technique is to find and save the values of the kth partial sums at every plotted point.  Then to get the partial sums 
for k+1, we only have to increment those values by the value of the new term.  Thus each succeeding graph requires the 
evaluation of only one term in the series.  We must then change our graphing technique, though, because Plot works only 
for functions defined analytically.  For the present case, we can use ListPlot, which plots a given numerical set of points.  
The routines defined here are called picarrayev and picarrayod, with integer arguments [first, last, grinc,ninc].  First is the n 
value of the first partial sum in the sequence and last is the last n value.  The variable grinc specifies the step between 
displayed graphs.  All  the partial sums are calculated, but by choosing grinc greater than 1, you can display every "grincth" 
graph.  The variable ninc is normally set equal to 1.  It specifies the interval at which partial sums are calculated.  For 
example, for a series in which  only the odd Fourier coefficients are non-zero, we can specify ninc = 2, and it will  save the 
calculation of the zero terms for even n.  The functions defined below are used by picarray to calculate coordinate lists and 
to produce graphs.     

SetOptions @ListPlot , ImageSize -> 250D;

mksumlistev[n_]  :=  Module[{ans,x,inc,j},
ans  =  {{lfend,foursumev[lfend,n]}};
inc  =  (rtend-lfend)/npoints;
Do[x  =  lfend  +  j*inc;  
ans  =  Append[ans,{x,foursumev[x,n]}],{j,1,npoints}];
ans]
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mksumlistod[n_]  :=  Module[{ans,x,inc,j},
ans  =  {{lfend,foursumod[lfend,n]}};
inc  =  (rtend-lfend)/npoints;
Do[x  =  lfend  +  j*inc;  
ans  =  Append[ans,{x,foursumod[x,n]}],{j,1,npoints}];
ans]

mktermlistev[n_]  :=  Module[{ans,x,inc,j},
ans  =  {{0.0,fourtermev[lfend,n]}};
inc  =  (rtend-lfend)/npoints;
Do[x  =  lfend  +  j*inc;  
ans  =  Append[ans,{0.0,fourtermev[x,n]}],{j,1,npoints}];
ans]

mktermlistod[n_]  :=  Module[{ans,x,inc,j},
ans  =  {{0.0,fourtermod[lfend,n]}};
inc  =  (rtend-lfend)/npoints;
Do[x  =  lfend  +  j*inc;  
ans  =  Append[ans,{0.0,fourtermod[x,n]}],{j,1,npoints}];
ans]

funclistev  :=  Module[{ans,x,inc,j},
ans  =  {{lfend,fev[lfend]}};
inc  =  (rtend-lfend)/npoints;
Do[x  =  lfend  +  j*inc;  
ans  =  Append[ans,{x,fev[x]}],{j,1,npoints}];
ans]  

funclistod  :=  Module[{ans,x,inc,j},
ans  =  {{lfend,fod[lfend]}};
inc  =  (rtend-lfend)/npoints;
Do[x  =  lfend  +  j*inc;  
ans  =  Append[ans,{x,fod[x]}],{j,1,npoints}];
ans]  

mkgraph[list_,rcol_,gcol_,bcol_]  :=  ListPlot[list,
PlotJoined  ->  True,  PlotStyle  ->  
{ RGBCol or [ r col , gcol , bcol ] , Thi ckness[ 0. 004] } ,
PlotRange  ->  pltrange,ImageSize->250]

picarrayev[first_,last_,grinc_,ninc_]  :=  Module[
{ suml i st , t er ml i st , k, gr ph, gr ph0} ,
sumlist  =  mksumlistev[first];
grph0  =  mkgraph[funclistev,0,0,1];
grph  =  mkgraph[sumlist,1,0,0];
Print[Show[{grph0,grph},AxesLabel  ->  {"x","fev[x]"},
AspectRatio  ->  1.0,  PlotLabel  ->  
Row[{"n  =",PaddedForm[first,3]}]]];
Do[sumlist  =  sumlist+mktermlistev[k];

If[(Mod[k-first,grinc]==  0),
  (grph  =  mkgraph[sumlist,1,0,0];
  Print[Show[{grph0,grph},AxesLabel  ->  {"x","fev[x]"},
  AspectRatio  ->  1.0,  PlotLabel  ->  
  Row[{"n  =",PaddedForm[k,2]}]]])],
{ k, f i r st +ni nc, l ast , ni nc} ] ]
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picarrayod[first_,last_,grinc_,ninc_]  :=  Module[
{ suml i st , t er ml i st , k, gr ph, gr ph0} ,
sumlist  =  mksumlistod[first];
grph0  =  mkgraph[funclistod,0,0,1];
grph  =  mkgraph[sumlist,1,0,0];
Print[Show[{grph0,grph},AxesLabel  ->  {"x","fod[x]"},
AspectRatio  ->  1.0,  PlotLabel  ->  
Row[{"n  =",PaddedForm[first,3]}]]];
Do[sumlist  =  sumlist+mktermlistod[k];

If[(Mod[k-first,grinc]==  0),
  (grph  =  mkgraph[sumlist,1,0,0];
  Print[Show[{grph0,grph},AxesLabel  ->  {"x","fod[x]"},
  AspectRatio  ->  1.0,  PlotLabel  ->  
  Row[{"n  =",PaddedForm[k,2]}]]])],
{ k, f i r st +ni nc, l ast , ni nc} ] ]

As an example, we execute picarrayev[1,5,4,1] and picarrayod[1,5,4,1]  This will  start with n = 1 and then display every 4th 
graph up to n = 5 -- i.e., graphs 1 and 5, for both the cosine and sine series.  The last integer 1 tells picarray that Fourier 
coefficients are nonzero and need to be included for every n.  
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pi car r ayev[ 1, 5, 4, 1]
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pi car r ayod[ 1, 5, 4, 1]
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     Now we use this new faster method to display the partial sums for the cosine series up to n = 20, and for the sine series 
up to n = 51.  We display every graph in the sequence by setting grinc = 1.  Animate the graph sequences to get a good view 
of the convergence process.  In the printed version of this notebook we display only the first graph in each sequence.

pi car r ayev[ 1, 20, 1, 1] ;
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For visualization in the printed version of this notebook, we show every second graph of the first 9. 

picarrayev @1, 9, 2, 1D
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Now we look at the Fourier sine series for the odd extension.  In the printed version of the notebook we see only the 
first graph.  To play the graph sequence as a movie, select the cell below and then go to the menu Graphics->Rendering-
>Animate Selected Graphics.

picarrayod @1, 51, 1, 1D;
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For visualization of the sine series in the printed version of this notebook, we again construct a sequence running up 
to n = 51, displaying every 10th graph.

picarrayod @1, 51, 10, 1D;
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The Gibbs phenomenon (the overshoot near the discontinuities) shows clearly here.
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