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Example  of  Poisson  Equation  
in  Sphere

Mathematica 7
This notebook is a supplement to the lecture notes of section 7.6.  Here we plot the contours of the source

function and the temperature for a specific solution of Poisson's equation.  We also find the maximum tempera-
ture in the sphere.

SetOptions @ContourPlot , ImageSize Ø 250D;
SetOptions @Plot , ImageSize Ø 250D;

à 1. Introduction
In  this  notebook,  we  consider  an  example  of  the  Poisson  equation  in  a  sphere.   The  problem is  one  in

heat condition, in which the volume sources are specified, and the boundary temperature distribution is specified.
Our task is to solve the problem and to predict the maximum temperature inside the sphere.  The problem here is
related to the problem given in the 2008 project for the course.     

The  basic  spherical  coordinate  system  is  shown  below.   The  location  of  a  point  P  is  specified  by  the
distance r  of  the point  from the origin,  the angle f  between the position vector  and the z-axis,  and the angle q
from the x-axis  to  the projection of  the position vector  onto the xy  plane.   We assume in this  problem that  the
temperature  field  is  axisymmetric  --  i.e.,  it  does  not  depend  on  q.   This  will  be  the  case  if  both  the  boundary
distribution of temperature and the volume sources are independent of q.    



We start with a mathematical formulation of the problem for the temperature T(r,f).  The basic equation
is  the  result  of  the  Fourier  law  of  conduction  and  the  energy  balance.   Under  the  assumption  that  the  thermal
conductivity k is constant and that the volume source function is G, the equation is
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Here  G  is  a  specified  function,  and  r  =  a  is  the  outer  boundary  of  the  sphere.   The  regularity  and  boundary
conditions are

(2)T well-behavedatr = 0, andT Ha, fL = g HfL .

Here  g  is  a  specified  function.   This  problem  may  be  solved  by  expanding  T,  G,  and  g  in  series  of  Legendre
polynomials.  The expansions are given below.

(3)T Hr, fL = ‚
n=0

¶

Fn HrLPn HcosfL, G Hr, fL = ‚
n=0

¶

gn HrLPn HcosfL, andg HfL = ‚
n=0

¶

gn Pn HcosfL .

Here Gn(r)  and gn  are  known,  and the coefficients  FnHrL  are  to  be determined from the equation,  the regularity
condition at r = 0, and the boundary condition at r = a.  This is accomplished by substituting the expansions (3)
into  the  equation (1)  and the  boundary conditions  (2).   This  was  done in  class,  and the  result  is  a  sequence of
problems for the coefficients Fn:

(4)
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with Fn well - behavedatr = 0, andFn HaL = gn.

One  can  obtain  a  general  solution  of  the  above  problem  by  a  Greens  function,  constructed  from  the  known
solutions  of  the  homogeneous  equation  (rn  and  r-Hn+1L ).   However  in  this  example,  we  will  look  at  a  rather
simple special case.  The conditions of our special case are

(5)g HfL= 0, andG Hr, fL = ‚
n=0
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cn rn Pn HcosfL .

In this case the particular solutions of the equations for Fnare easy to find, and we may put the final solution in
the form
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In the remainder of this notebook, we will evaluate this solution for a particular choice of parameters.

à 2. Parameters and Functions
We evaluate the solution of the problem given in section 1 for the parameter values given below.   

a = 1.5 ; H* sphere radius ; m *L

c0 = 1.25 * 103; H* First coefficient in source term ¡Cêm *L

c1 = 1.0 * 103 ; H* Second coefficient in source term ¡Cëm2 *L

c2 = 3.0 * 103; H* Third coefficient in source term ¡Cëm3 *L

Now we define both the source function, as given in class,  and the solution, as obtained in class.  We use h for
Cos[f].  This makes the contour plotting below easier to do.  The source function G is defined below.

G@r_ , h_D : = c0 + c1 * r * LegendreP @1, hD + c2 * r 2 LegendreP @2, hD

The solution of the Poisson equation with this source function is given below.

T@r_ , h_D : = a2 * I1 - Hr ê aL2M Ic0 ê 6 + HHa c1L ê 10L Hr ê aL LegendreP @1, hD +

IIa2 c2M ë 14M Hr ê aL2 LegendreP @2, hDM

à 3. Contour Plots of Source Function and Solution
For  purposes  of  plotting,  we  transform  from  spherical  to  rectangular  coordinates.   We  carry  out  this

transformation in the plane y  = 0.  Because of the symmetry, the solution will look the same in any such plane
passing through the z axis.

rec G@x_ , z_D : = G@r , hD ê. 9h Ø z ë Sqrt Ax2 + z2E, r Ø Sqrt Ax2 + z2E=

Now we will  make a contour plot  of  the source function.   We use an option called RegionFunction to plot  the
contours only in a circular domain, representing the cut of the sphere by the plane y = 0.   We also use the option
ContourLabels -> All to put labels on the contours.  
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Now we will  make a contour plot  of  the source function.   We use an option called RegionFunction to plot  the
contours only in a circular domain, representing the cut of the sphere by the plane y = 0.   We also use the option
ContourLabels -> All to put labels on the contours.  

ContourPlot Arec G@x, zD, 8x, -1.2 * a, 1.2 * a<, 8z, -1.2 * a, 1.2 * a<,

RegionFunction Ø Function A8x, z, G<, 0 < x2 + z2 < a2E,

ContourLabels Ø All E

We see that the source function has values ranging from about -2000 to over 8000.

Now we go through the same sequence for the solution T.

recT @x_ , z_D : = T@r , hD ê. 9h Ø z ë Sqrt Ax2 + z2E, r Ø Sqrt Ax2 + z2E=
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ContourPlot ArecT @x, yD, 8x, -1.2 * a, 1.2 * a<, 8y, -1.2 * a, 1.2 * a<,

RegionFunction Ø Function A8x, z, T<, 0 < x2 + z2 < a2E,

Contours Ø 8100 , 200 , 300 , 400 , 500 , 600 , 700<, ContourLabels Ø All E

à 4. Maximum Temperature
We see from the contour plot that the maximum temperature is more than 600 degrees but less than 700

degrees  (we know it  is  less  than 700 because  we asked for  the  700-degree  contour  and it  doesn't  appear).   By
symmetry we see that the maximum temperature will be on the z-axis.  We plot the temperature along that axis
to estimate the maximum.   

Plot @recT @0, zD, 8z, -a, a<, AxesLabel Ø 8" z HmL" , " T H¡CL" <D
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We home in on the region of the maximum by plotting from 0.8 to 1.0.
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Plot @recT @0, zD, 8z, 0.75 , 0.9 <,
PlotRange Ø 8680 , 687<, AxesLabel Ø 8" z HmL" , " T H¡CL" <D
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We see that the maximum is just over 685 °C.  We can also use FindRoot to find the maximum.  The maximum
will occur where the derivative of T with respect to z is zero.

maxloc = FindRoot @D@recT @0, zD, zD ã 0, 8z, 0.81 <D

8z Ø 0.819837<

This replacement rule gives the location of the maximum.  The maximum is obtained by evaluating T at this z:

max = recT @0, zD ê. %

685.34

Thus the maximum temperature in the sphere is a little over 685 °C.
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