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Legendre Polynomials
Mathematica 7

a 1. Introduction

This notebook has three objectives: (1) to summarizesome useful information about Legendr
polynomials,(2) to showhow to useMarhematica in calculationswith Legendrepolynomials,and(3) to preser
someexamplef the useof Legendrepolynomialsin the solutionof Laplace'ssquationin sphericalcoordinate:
In our course the Legendrepolynomialsarosefrom separatiorof variablesfor the Laplaceequationin spherice
coordinatessowe beginthere. Thebasicsphericalcoordinatesystemis shownbelow. Thelocationof a pointF
is specifiedby the distance- of the point from the origin, the angle¢ betweerthe positionvectorandthe z-axis,
andtheangled from thex-axisto the projectionof the positionvectorontothexy plane.
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The Laplaceequationfor afunction®(r, ¢, 6) is givenby

1! IF 1 ! IF 1 12F
FF = __[rz_)+ —(sinf _)+ -0, (1)
resinf ! f | f r2siref ! p

In this notebookwe will consideronly axisymmetricsolutionsof (1) -- thatis, solutionswhich dependon r anc
¢ butnotoné. Thenequation(1) reducego

1! 2!F 1 ! 'F
— —|r°—|+ —|sinf —] = 0. 2
r2!r[ !r] rzsinf!f( !f] (2)

As we showedn classby aratherlengthyanalysisgquation(2) hasseparatedolutionsof theform

P, Kod Landr "1p, Hod L, (3)
wheren is a non-negativantegerand Py, is the nth Legendrepolynomial. Thesesolutionscanbe usedto solve

axisymmetricproblemsinside a sphere exteriorto a sphereor in the region betweenconcentricspheres. We
include oneexampleof eachtype laterin this notebook. Now we look in moredetail at Legendre'squationanc
the Legendrepolynomials.

2. Legendre Polynomials

2.1 Differential Equation

Thefirst resultin the searchfor separatedolutionsof equation(2), which ultimately leadsto the formu
las (3), is the pair of differential equationg4) for the r-dependenpart F(r), andthe ¢-dependenpart P(¢) of the
separatedolutions:

dr? dr
where A is the separationconstant. The r-equationis equidimensionaknd thus has solutions, easily found
which are powersof . The ¢-equationis Legendre'ssquation. We begin by transformingit to a somewhe
simplerform by a changeof independentariable,namely

d?F dF d dP
r2—+2r—-IF:0,andd—f(sinf d—f]+|sian:O, (4)

h = cod . (5

Thenequation(4) becomes

d dP
—Bl- PWM—F+I1P =0, -1<h<1. (6)

dh dh

The equation(6) hasregularsingularpointsat the endpoints; = + 1. This equationplus the conditionthat the
solutionsbe well-behavedt the endpointsconstitutea singularSturm-Liouville system. Thosespecialvaluesof

A for which therearesuchwell-behavedsolutionsarethe eigenvalue®f the problem.

As we showedin class,we may find solutionsof (6) in the form of power seriesaboutny = 0: P(n) =
Ui-oann". By substitutiorof thisinto equation(6), we find therecurrenceelationfor the coefficientsay, :
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nhkh + 1L- |

By = ———————a, .
2T M+ AL+ 2L Y

Becauseof theindexincrementof 2 in (7), the solutionsfall naturallyinto evenandodd functionsof ;, with the
coefficientsequencesf the two not mixing. For very largen, we may approximatethe relation (7) by ignorinc
A comparedwith n(n + 1). Theresultis (n + 2)an+2> nap -- thatis, ap,> constanti. Fromthatresultit is possibls
to showthat any suchsolutionis logarithmically singularat one or both endpoints. This resultis suggestedy
(but not provedby) thetwo series

POH A
,andInH+hL=3 —. (8)
n

i hn
InH - hL= -3
=1
The only way to avoid suchsingularitiesin the solutionis for the seriesto terminate. We seeimmediatelyfrom
the recurrencerelation (7) thatterminationoccursif andonly if A = k(k + 1) for k a non-negativanteger. The
terminatingsolutionin thatcaseis a polynomialof degreek. If k is even,the polynomialhasonly evenpower:
andis thenan evenfunctionof 5. If k is odd, only odd powersappearandthe functionis odd. Suchsolution:
are called Legendrepolynomials. The kth one is denotedby Py(n), with the conventionthat the arbitrary

multiplicative constanis fixed by the condition

n n=1

35

PcHL= 1. 9)
Any of the polynomialscan be constructeddirectly from the recurrencdormula (7) andthe normalization(9),
althoughthis is not necessarilythe most efficient way to carry out the construction. Thereis a well-knowr
formula, called Rodriguesformula, which givesthe Legendrepolynomials. Although it is not usually usedto
computethe polynomials,it is still of interest:
1

PeHl= —— — 12— M

2K dy*

The Legendrepolynomialsare built into Mathematica. Mathematica's notationis LegendreP[lg] for
P(n). We useMathematica to obtainthe formulasfor thefirst 11 of thesepolynomials. We putthemin atable
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TableForm@rable@i, i* Hi + 1L, LegendreP@., hD<, 8i, 0, 10<D,
TableHeadings 8None, 8"k", "l ", "PcHhL"<<D

k 1T P(h)
0 0 1
1 2 h
1 2
2 6 5 (-1+3h%)
1
3 12 ;(-3h+5h%)
4 20 < (3-30h2+35h?)
5 30  (15h-70h%+63h°)
6 42 - (-5+105h2- 315 h*+231 h?)
7 56 - (-35h+315h3- 693 hS+429 h')
8 72 . (35-1260 h?+6930 h*- 12012 h® + 6435 h?)
9 90 - (315h- 4620 h3+18018 h®- 25740 h’ +12155 h°)
10 110 - (- 63 +3465 h?- 30030 h*+90 090 h® - 109 395 h? + 46 189 h'°)

N
a1
[¢2]

Y 2.2 Some Useful Formulas and Graphs

To getsomeideaof whatthesepolynomialslook like, we constructgraphsof thefirst 11. Accordingtc
the generalresult aboutthe zerosof solutionsof Sturm-Liouville systems,the kth polynomial should have
exactly k zerosin the interval (-1,1). We first define a function legraph[k] that producesa graph of the kth
polynomial,andthenwe usea Do loop to constructthe first 11 graphs. The size of the graphsthroughoutthis
notebookis controlledby the variableisize, definedbelow. The value250is appropriatefor a printedversion
the value350for computerdisplay.

SetOptions@1lot, ImageSize 250D;

legraph@_D := Plot @.egendreP@, hD, 8h, - 1, 1<,
AxesLabel 8"h", "P HhL"<, PlotRange 88-1.1, 1.1<,8-1.1, 1.1<<,
PlotLabel Row@"k =", PaddedForm@, 3D<DD

Do@rint@egraph@DD, 8i, 0, 10<D
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k = 10
Py HAL
1.0l

0.5

-1.0F

We seethe expectedalternationbetweenevenand odd functions,and the expectechumberof zerosin
eachcase.

Therearea largenumberof formulasinvolving Legendrepolynomials. We considerhereonly a few of
the mostuseful. Thefollowing is arecurrenceelationthatrelatesthreeconsecutive_egendrepolynomials:
Hh + 1LPn.q HIL- E2n+ 1LhP_HiL+ nP, ;HiL = O. (10)

Although P,.. | is not definedwhenrn = 0, you caneasily checkthat the formula (10) remainstrue in that caseif
we define P. ;to be anythingbounded. An interestingapplicationof (10) is to computeP,HjL, startingwith the
knownfunctionsPyhjL = 1andP HjL=7n. Then we get

F2n+1LhP, HIL- nP,. 1 HIL

Pn+]_HhL=
n+1
3hP HIL- PoHIL  3h2- 1
so P, HiL= = ,
2 2 (13
5hP,HL- 2P, HIL 5 3h2- 1 2 5 3
and P3 HhL= = —h - —h=—-m- —h
3 3 2 3 2 2
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This canbe continuedto anyorder.

A secondusefulrecurrenceelationfor threeconsecutivéunctionscontainsderivatives:

Pt . HIL-  PE . HhiL= 2 n+ 1LP, HiL. (12)
This formulais valid fornr 1.

Now we look at valuesof the polynomialsfor special valuesof n. Becauseof the way that the
polynomialsaredefined,we have

P,HL= 1. (13

P, is anevenfunctionfor n evenandanoddfunctionfor » odd,so

P,H1L= H1". (14
Now considem = 0. Whennr is odd, Pyis odd,sothatP,(0) = 0. Whenn is even,we may apply (10) repeatedly
usingn = 0, andstartingwith n = 1, to get

H1MRnL!
Pon L = 722”'“ z (15

We usetheseresultsto calculatea few integralsinvolving Legendrepolynomials. Theseintegralswill be
useful in constructingexpansiondn the next section. We first use (12) and (14) to constructan indefinite
integralof Py, startingfrom alower limit of -1. We get

h . . Pn+g HiL- Py 1 HIL
a PpHLAh = . (16)
-1 2n+ 1
Thisisvalidfornr 1. It follows immediatelyfrom (13) and(16) that
1
a PoHiLah = 0, (17
-1

for n = 1. Thisis a specialcaseof the orthogonalitydiscussedn the next section.(BecausePy= 1, P, = PPy,
and(17) thensaysthatP, andP, areorthogonalon[-1,1].) Anotherspecialcaseof (16)is#n = 0, which gives

0 Pn+1 HL - Pn 1 HIL
a3 PnHILAh = . (19
-1 2n+1
If n is eventheright-handsideis zero. If n is odd, the valuesat O aregiven by (15). By subtracting(18) from

(A7)weget

1 Pn.ll'q)l_' Pn+1|'mL
5 P.HL&h = , (19)
0 2n+1

which againis zerofor n even,andcanbe evaluatedor » oddby using(15).

We canalso evaluateintegralsof the form UyP HiLdn by usingthe recurrencerelations(10) and (12)

Theresultof the somewhatediouscalculationis theformulabelow,valid fornr 2.

h, . .  Hi+1LE2n-1LPy., HIL+ E2n+ 1LP, HiL- nk2n+3LP,. » HiL
5 hp,HLah = . (20)
1 F2n- 1L n+ 1L n+3L
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Forthespecialcasen = 1, we getfrom (13) and(20)

1
a hP_HiL&h = 0, 21)
-1

valid for n = 2, againa specialcaseof orthogonality,because® HjL = . Anotherspecialcaseof (20)isn = 0,
which gives
0 Hh+1LE2n- 1LPy, L+ 2 n+ 1LP, HL- nk2n+3LP, , HL
a hP_HiLAh =
-1 n-1LRn+ 1L n+3L
whichis zerofor n odd,andmaybe evalutedfrom (15) for n even. Finally, by subtracting22) from (21), we get

) (22

1 NEn+3LP, , WL- n+ 1P, HL- Hh+1LE2n- 1LP,., L
a hP_ HiL&h = .
0 Rn-1L2n+ 1LE2n+3L
We will usesomeof theseintegralsin the exampleof expansionsn the nextsection,andin the Laplaceequa

tion examplesn thelastsection.

(23

2.3 Expansions in Legendre Polynomials

As we showedin classfrom the differentialequation(6), the Legendrepolynomialsare orthogonalon the
interval[-1,1]:

1
a le HhLP, HiLAh= 0 form " n. (29

It maybeshownthatthe normalizatiorintegralis givenby

1
a PnHILP, HiLih=
-1

2n+1 (29

The polynomialsform a completeseton theinterval[-1,1], andany piecewisesmoothfunction may be expande
in a seriesof the polynomials. The serieswill convergeat eachpointto the usualmeanof theright andleft-hanc
limits. The coefficients are easily calculatedusing the orthogonality properties(24) and the normalizatiol
integral(25), andwe have

i n+1 1
fHL= & C,P,HL, whereC, = a fHLP, HL&h . (26)
-1

n=0

As anexamplewe expandhefunctiongivenbelowin suchaseries.

fHIL= - 1for - 1 b hb 0, andf HiL= 1for 0 < h = 1. (27

Becaus¢ is odd,the evencoefficientswill all vanish. Theodd coefficientsaregivenby

1
Cn= Hen+1ly P,HL&h . (28)
0

By usingequation(19) we get

Ch= @n.1HL- PnqHILD, (29

wherethe valuesat n = 0 neededn (29) aregiven by equation(15). We now useMathematica to calculatethe
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coefficientsupto n = 51, startingwith n = 1.

Module@i<, Co = 8<; Do@o = Append@o,
HLegendreP@ - 1, OD- LegendreP@ + 1, ODLD, 8i, 1, 51<DD
The kth coefficientis thengivenby Co[[k]]. We sampleafew values:

Co@al DD

3
2

Co@22DD

Co@®»DD

133
256

All theevencoefficientsarezero.

Now we define the kth partial sum, and then a graph of the kth partial sum, along with the origina
function. Becausehe coefficient of Pyis zero,we may startthe sumoveri with thei = 1 term. The giver
functionf{(n) is shownin blueandthe partialsumsin red.

legsum@_, k_D :=
Module@i<, Sum@@o@uiDDD* LegendreP@, hD, 8i, 1, k<DD

£@ _D:=1£@h <oL, H 1L, HILD

legraph@_D :=
PlotBf@D, legsum@), kD<, 8h, - 1, 1<, PlotRange 8-1.5, 1.5<,
PlotStyle 88RGBColor@, 0, 1D, Thickness@.004D<,
8RGBColor@, 0, OD, Thickness@.004D<<, AxesLabel 8"h", "fHhL"<,
PlotLabel Row@®"k =", PaddedForm@k, 2D<DD
We constructa sequencef partial sumswhich may be animatedo seethe convergence We goupto Ps;. The

eventermsare zero, so we incrementby 2 in the sequencef partial sums. It would be much more efficient
computationallyto saveeachpartial sum,andthenuseit to computethe next partial sumin the sequence.The
presentnefficient methodis howevermucheasierto program. All of the graphsarecollectedinto the singlecell

below. To animatethe sequenceselectthe cell, and then go to the menu item Graphics->Rendering-
>Animate SelectedGraphics.

Do@rint@egraph@DD, 8i, 1, 51, 2<D;
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e
D

-1.5L
We seethe familiar Gibbs overshootat the discontinuity. We also seea struggleto convergeat the
endpoints.

For visualizationin the printednotebookwe print out every10thgraphin thesequence.
Do@rint@egraph@DD, 8i, 1, 51, 10<D;
k= 1

fHhL
1.5¢

o
D

—
D
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k =

21

fHhL

1.5

k =

31

fHhL

1.5

k =

41

fHhL
1.5
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k = 51
£HL
1.5

-1.0 -0.5
PN

vt
-1.5

b

NI

As a secondexample we considera function which is continuouson the interval [-1,1], but which hase
discontinuityin slopeat 0. The functionis definedto be 0 in the left-half interval [-1,0] andy in the right hal
interval:

y@_D:=1f@h < oL, HoL, HhLD
The expansiorcoefficientsaregivenby

Hn+1L 1
Dh= ———3 hP_ HiLah . (30
2 0
By equation(23) we get

nn+3LP,>HWL- Bn+ 1LP,HL- Hi+1LEn- 1LP,» HL
Dy = : (31)
22n- 1L n+3L

Thisisvalid fornr 2. Thefirst two coefficientsare

1 1
Do= —a hP HLah =
20

FNIN

3 1 1 (32
and D; = -3 hP HILAh = —.
20 2
We now constructan array containingthe first 20 coefficients. For conveniencewe first give a nameto the
right-handsideof (31).

coeff@ _D := HHn H2 n + 3L LegendreP@ - 2, OD- H2n + 1L LegendreP@, ODL
-Hn+1LH2n- 1L LegendreP@ +2, ODLe H2H2n- 1L H2 n +3LL

We constructthefirst 20 coefficients startingatn = 1.

Module@i<, Co2 = 80.5<; Do@o02 = Append@o02,
N@oeff@DDD, 8i, 2, 20<DD

The modulebelow definesthe kth partial sum of the Legendreexpansionand assignst to legsum?2. The 0.2
appearingn themoduleis then = 0 termaddedto thesum.
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legsum2@_, k_D:=
Module@i<, 0.25 + Sum@@o2@diDDD* LegendreP@. , hD, 8i, 1, k<DD
We definea function graph[k] which graphsthe kth partial sumin red andthe original functionin blue. Ther
we usea Do loop to constructa sequencef partialsums. All of the graphsof the sequencearecollectedin the
one cell. To animatethe sequenceselectthe cell, and go to the menu Graphics->Rendering->Animate
SelectedGraphics.

graph@_D :=
Plot@y @D, legsum2@ , kD<, 8h, - 1, 1<, PlotRange 8-1.1, 1.1<,
PlotStyle 88RGBColor@, 0, 1D, Thickness@.004D<,
8RGBColor@, 0, 0D, Thickness@®.004D<<, AxesLabel 8"h", "yHhL"<,
PlotLabel Row@"k =", PaddedForm@, 2D<DD

Do@rint@raph@DD, 8k, 0, 10, 1<D
k= 0
yHhL

1.0

S1.0f

We seethatin this case the convergencés very rapid. For convergencéo graphicalaccuracy,10 term:
aresufficient. Thereis far lessflailing aroundat the endpointghanin the previouscase. For visualizationin the
printedversionof this notebookwe print out everyothergraph.

Do@rint@raph@DD, 8k, 0, 10, 2<D
k=0
yHhL

1.0
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17

-1.0f

Throughouthis section,we haveusedthe modifiedindependenvariablen, definedby equation(5). The
expansiortheoremin termsof this variableis

Hn+1L 1

fHL= a C,P,HL, whereC, = a fHLP,HiL&h . (33
n=0 -1

If werecasthisin termsof the original variableg, n = cosp andf(n) = f(cosp) = g(¢), we get

| Hn+1lL »
gHL= & C,P,HodL, whereC, = Ta gHLP, Hod Lsinf &f . (34)
0

=0

>

As thenotationsuggeststhe coefficientsCharethe samein the expansiong33) and(34).

We will now usetheseexpansiongn solvingthe Laplaceequation.
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a 3. Examples of Solutions of Laplace's Equation

Y 3.1 Interior of a Sphere

For our first example we find the electrostatiqotential® insidea sphereof radiusa, whenthe potentie
on the boundaryis a givenfunction. Specificallywe takethe potentialto be g(¢) = V,, for 0b¢ b 7/2, and-V,
for /2 < ¢ b n. A formal statemenbf the problemis givenbelow.

11/ IF 1 'F
Rl PRl —|sinff —| = 0, r<a andOof op,
r21r Ir r2sinf ! f I f

P
with Fl-a,fL:VoforODfDE, (39

p
and FH, fL = -Vfor E<f ap.

The separatedolutionsare given by equation(3). The solutionswith negativepowersof r are singularat the
origin andarethusnot suitablefor the potentialinside the sphere. We superposaill of the solutionswith non-
negativepowersto getour potential®:

FH,fL= & Ajr"P,HogL . 36
n=0

Imposingthe boundarycondition,we get

FH,fL= 4 AP, HosL . -
n=0

Apart from the factor of the voltageV,, the boundaryfunction is the function expandedn the first exampleof

section2.3. The coefficientswere storedin the array Co, exceptfor then = 0 coefficient,which is zeroin this
case.Thus

Aa'= Vo Cy, (38)
whereC, is givenby equation(28), andis equalto Co[[n]]. Thenthekth partial sumof the seriesfor ® is giver
by

Fsum@_, f_, k_ D:=

VO SumAHr ¢+ al' Co@tiDD LegendreP@ , Cos@ DD, 8i, 1, k<E

We look atthefirst few partialsums.

Fsum@, f, 1D

3r VOCos[f ]
2a
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Fsum@, f, 3D

3r Cos[f] 713 (-3COS[f]+5COS[f]3)]

2a 16 a3

Fsum@, f, 5D

3r Cos[f] 7r®(-3Cos[f]+5Cos[f]3)
- +

2a 16 a®

11r° (15 Cos[f ] - 70 Cos[f ] +63 Cos[f ]°)
128 a°

In orderto evaluateour solutionin detail, we choosesomespecificvaluesfor the sphereradiusa, andthe
boundaryvoltageV,. Wetake

a=2.0H* m *L; vO= 5.0 H* volts ** L;
First we checkour boundarycondition. We plot the voltageon the surfacer = a of the sphere.We usetermsug
to n = 51in the seriesusingthe coefficientsthatwe calculatedearlier. We askfor 200 samplepointsratherthar
acceptingthe defaultof 25. The plot takesa very long time becausef all the evaluationsof boththe P,'s anc

the cosines.

PlotBFsum@, f, 51D, 8f , 0, p<, PlotRange 8-6, 6<,
"FHa,f L"<, PlotPoints 200,

3p
, , P>, Automatic>F

AxesLabel 8"f"

N|T ~

L p
Ticks ::0, —,
4

FHa,f L
6

& ot
w
©

We seethatthetrendis correct,but thatmanymoretermswould be neededor anaccurateepresentationf the

boundarycondition. Fortunately,whenwe evaluatethe solution away from the boundary we havethe factol
(rlallin the ith term andthis greatly accelerateshe convergence.To showthis, we look at the solutionon ar
interior spherenamelyr = 1. We plot a shortsequencef partial sumsof ® versusy for r = 1. We use5, 11,
and17termsin the partialsums.
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20

DoBPrintBPlotBFsum@ .0, f , 5+6* iD, 8f , 0, p<,

PlotRange 8- 4, 4<, AxesLabel 8"f", "FH1,flL"<,
p p 3p .
-, = s P>, Automatic>,

PlotPoints 100, Ticks ::0, —, —,
4 2 4

PlotLabel Row@®"k =", PaddedForm@ + 6 * i, 3D<DFF, 8i, 0, 2<F

k = 5

el
o

| T
N
[~y

| T
N | T

= | T |
N | T
'~y

-4 L
Thethreecurvesaregraphicallyidentical,asyou canseeby animatingthe sequence Thusat this valueof r, the
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solutionis well-representetly threenonzeraterms.

Y 3.2 Exterior of a Sphere

We considerin this sectionthe solution of Laplace'sequationexteriorto a sphereof radiusa, with the
boundarycondition on the spherebeing the sameas the one in the preceedingproblem. The full problen
statements givenbelow.

11 (. 1F 1 ! 'F
__(rz_]+ _(Sinf _] = 0, r>a andOaf op,
r2ir Ir r2sinf ! f Lf

p
with FH, fL= Vyfor 0o f o —
2 (39

p
and FH, fL = -V, for §<f ap,

and FH,fLS O.

rz;
The separatedolutionsaregiven by equation(3). Becausef the conditionat co, only the negativepowersof r
may be usedin this regionexteriorto a sphere.We superposall of thosesolutionsto get®:

FH,flL= 4 B,r"*1p KoL . (40)
n=0

Imposingthe boundarycondition,we get

F,fL= a Bya"™''P HodL . (41)
n=0
Apart from the factor of the voltageV,, the boundaryfunction is the function expandedn the first exampleof
section2.3. The coefficientswere storedin the array Co, exceptfor then = 0 coefficient,which is zeroin this
case.Thus

Bya M=\, C,, (42
whereCy, is given by equation(28), andis equalto Co[[n]]. Thenthekth partial sumof the seriesfor @ is giver

by (we clearthenumericalvaluesgivenearlierto a andVj):

Clear@, VOD;

Fsum2@_, f_, k D:=
VO SumAHa * rL'*! co@@iDD LegendreP@, Cos@ DD, 8i, 1, k<E

We look atthefirst few partialsums.

Fsum2@:, f, 1D

3a?V0Cos|f]
2r2
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3a2vocos@D
2r?
3a2V0Cos|f]
2r?
Forr p a thisis areasonabl@pproximatiorto the entire solution,becausehe omittedtermsarehigherinverse

powersof r. Thuswhenwe arefar from the sphereit looks like a dipole. Higherapproximationsare obtaine!
by keepingmoreterms.

Fsum2@:, f, 3D

3a2cCos[f] 7a* (-3C03[f1+5Cos[f}3)]
VO

2r2 16r4

Fsum2@:, f, 5D

3a2Cos[f] 7a*(-3Cos[f]+5Cos[f]3)
- +
2r2 16 r*

11 a® (15 Cos[f ] - 70 Cos[f ]*+63 Cos|[f ]°)
128 r 6

Y 3.3 The Region Between Two Concentric Spheres

As our final example we considerthe regionbetweertwo concentricsphereswith radiia andb , b > a.
We solve the Laplace equationin the region betweenthe spheressubjectto a boundarycondition on eact
sphere. The problemstatements givenbelow.

I f
with FH, fL=gHLand FHy, fL = hHL

We will specifyg andh explicitly shortly. We leavethemgeneralhow becausét is easierto seethe structureof
the calculationthatway. We beginby expandingboth ¢ and/ in Legendrepolynomials. That will makeout
taskeasier.

11 (_IF 1 1 E
——[rz—]+ —(sinf—]= 0,a<r<b and0af ap,
r2trl Ir rZsinf ! f (43)

: Hn+1l »p _
gHL= a C,P,HodL, whereC, = Ta gH LP, Hod Lsinf af , (44)
n=0 0
and
: Hn+1L » .
hHL= & D,P,HodL, whereD, = Ta hH LP, Hod Lsinf &f . (45)
0

n=0
The coefficientsCnand Dnare known from the known boundaryfunctionsg andi. The separatedsolutionsare
given by equation(3). The domainof the presentproblem,a < r < b, doesnot include eitherthe origin or the
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point at infinity. Thusthereare no groundsfor discardingany of the solutionsand we keepthemall. The
solutionfor @ is thenobtainedby superposition:

FH,fL= & 1AM+ Byr 1P, 1os L . 46
n=0

We now imposethetwo boundaryconditions. We get

FHyfL= a4 1A'+ Bya "W oS L = gHL = a4 C,PHoSL , @7
n=0 n=0
and
FH,fL= 4 IA D"+ Byb ™ INp oS L = hHL = & D,P,Hos L. (48)
n=0 n=0

By equatingthe coefficientsof correspondingermsin the Legendreexpansionsf (47) and(48), we get

Aya"+ Bya "™ = C,, and A,b"+ B, b = D, (49)
Theseconstitutetwo linearalgebraicequationdor eachpair A,, andB,. We solvethemto get

bn+1 Dn - a.n+1 Cn HierHl l'H)n Cn - an DnL

Ao = Rl . g2ntl and B, = RN+l . g2n+l ' (50

Now we look at a specificexample. We takethe functionsgivenbelowfor g andh.

p
gHL= Va cosHLfor Oof o >

andgl-ﬂL:Oforg<fnp, (51)
andhHL = O forallf.

This meanghat
C,= VaCo2@mD, D,= O, (52)

where Co2[[n]] arethe coefficientscalculatedfor the secondexamplein section2.3. We will usethe coeffi-
cientsin a somewhatifferentway here. Our newway will be moreconvenienwith respecto theindexing,in
that it will allow usto useindex zero for the first termin the series. In section2.3, we defined a functior
coeff[n] which returnedthe value of the nth coefficientCo2[[n]] in the aboveexpansion. We usethat functior
now to creatthe coefficientfunctionsA[n] andB[n] correspondingo AnandB;,.

A@Gr_D:=vVal-a"! coeff@D' Ib2"*1- a2"*1mv

BGr D:=vala"™ b2""! coeff@D' 1b2"*1- a?"*iIwm

We now definethekth partialsumof thesolution®. We call it dsuma3.

Fsum3@_, f_, k_ D:=
SumAl A@Dr' +B@D r " **MLegendreP@ , Cos@ DD, 8i, 0, k<E
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We checkthis by looking at thefirst two partialsums.

Fsum3@, f, 1D

aVa abVa aZ b va ar Va
- + + - Cos[f ]
4 (-a+b) 4 (-a+b)r 2 (-a*+b3)r2 2 (-a%+h?)
Fsum3@, f, 2D
aVa abVa a2 b Vva a%r Va
- + + - Cos|[f ]+

4 (-a+b) 4 (-a+b)r (2 (-a®+b%)r2 2 (-a®+b?)

1 5adb%Va 5a3r2Va

216 (-a%+b%) 13 16 (-a%+b9)

(-1+3Cos[f]?)

Now we will useour solutionto calculatethe potentialon a spherehalf way betweenour two boundar
spheres.In addition,we will checkour boundaryconditionsonr = a andr = b. We assignnumericalvaluesto
the parameters:

a=2H*m *|L; b=4H*m *L; va = 10.0H* volts ** L;
Next we definea function grapher[r,kjwhich usesthe kth partial sumto constructa plot of potentialversusp on
the sphereof radiusr.

g@® _D:=1f@f < pe* 2L, HVa* cos@DL, HOLD

grapher@_, k_D:=
PrintBPlotBFsum3@, f, kD, 8f , 0, p<, AxesLabel 8"f", "FHr,fL"<,

PlotLabel Row@'"r =", PaddedForm@ @D, 83, 1<D<D,
_ ) _ p p 3p )
PlotRange 80, 1.1* Vva<, Ticks ::0, —, —, , P>, Automatic>FF
4 2 4
Now we try this on the inner boundary. We use10 termsin the series,andwe constructa sequencef 6 plots

goingin equalr-incrementdromr =a tor = b.

Do@rapher@ +i* Hb- aL+ 5, 10D, 8i, 0, 5<D;
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Thefirst andlastgraphsverify the boundaryconditionsthatwe haveimposedon theinnerandoutersphere.The
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remaininggraphsshowhow the solutionof the Laplaceequationinterpolatessmoothlybetweerthese.



