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Laplace Equation in a Cylinder
Mathematica 7

In this notebookwe constructcontourplots of a solutionof the Laplaceequationobtainedin class. The
problemsolvedwasto find the potentialin a circular cylinderwith zeropotentialon the bottomandon the side
andwith a constanpotentialonthetop. Themathematicaformulationof the problemis givenbelow.
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——(r—)+ —=0,r<aand0< z< h,
Lr 12

with F(r,0)= 0, F(a,2= O, andF(r,hy= Fq,
whereF, = constant.We solvedthisin classby separatiorof variables. The solutionis
i Jo(@anr/a) sinh(a, z/a)
FL2=2F )

n=1

ap Ji(an) sinh(a, h/a)

whereapis thenth root of the BesselfunctionJ,. We will usethis solutionasthe basisfor constructingcontou
plots of the potentialin the cylinder. We beginby specifyingthe parameteralues.

h=40 H* m*L;, a=20 H* m* L; FO=100.0 H** volts **L;
We getthefirst 100zerosof JOandstorethemin thearrayazer.

azer = Table @N@BessellJZero @, kDD, 8k, 1, 100<D;
Now we definethenth termin theseries.

tebm @_, z_, n_D:=
2 FO HBesseld @, Hazer @@nDDr » aLDe Hazer @@DDBesseld @, azer @anDDDLL
HSinh @zer @DDz » aDe Sinh @zer @»DDh e« aDL

Finally we definethekth partialsum.

sol @ _, z_, k_ D:=Sum@erm @, z, nD, 8n, 1, k<D

We beginby checkingthe boundaryfunction on the top of the cylinder. We setthe option ImageSizetc
250for all of our plot statements.

SetOptions @Plot , ImageSize ~ 250D,



lapcyl.nb

Plot @ol @, h, 100D, 8r, 0, a<, AxesLabel ~ 8"r", "F'<,
PlotLabel ~— " Potential on Top", PlotRange ~ 80, 115<D

Potential on Top
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The convergencés only fair, aswe would have expectedfrom our earlier Besselexpansionf the constar
function. As soonaswe move away from the boundary,we get exponentialconvergencdrom the ratio of the
two sinh functions,andthe resultsare muchbetter. To illustratethis, we look at the potentialasa function of r
for z= 0.%. Wedothisfirst for 50 termsin the serieg(in red)andthenfor 20 termsin theseries(in blue).

graphl = Plot @ol @, 0.9 h, 50D, 8r, 0, a<, AxesLabel =~ 8"r", "F'<,

PlotLabel ~— Row@B" Potential at z =", PaddedForm @.9 h, 82, 1<D, "
", " H50 terms L"<D, PlotRange ~ 80, 110%<,
PlotStyle ~— RGBColor @, 0, 0DD
Potential at z = 3.6
(50 terms )
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graph2 =Plot @ol @, 0.9 h, 20D, 8r, 0, a<, AxesLabel ~ 8"'r", "F'<,
PlotLabel ~— Row@B" Potential at z =", PaddedForm @.9 h, 82, 1<D,

", "H20 terms L"<D,
PlotRange ~ 80, 110<, PlotStyle =~ RGBColor @, 0, 1DD

Potential at z = 3.6
(20 terms )
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We usea showcommando comparghegraphs.

Show@graphl , graph2 <,
PlotLabel ~— Row@B" Potential at z =", PaddedForm @.9 h, 82, 1<D<DD

Potential at z = 3.6
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We seethat20 termsgivesgoodgraphicalaccuracyaslong aswe arenottoo closeto thetop boundary.

As afinal graph,we constructcontoursof constantpotentialin the cylinder. We use 20 termsin the
partial sums. To keepthe geometrytrue, we usean aspectratio of 1. We askfor contoursat 20 volt intervals
from 20to 80. Theupperboundaryis the 100volt contour,andthe lower boundaryplusthe sidesmakeup the 0
volt contour.
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ContourPlot @ol @, z, 20D, 8r, - a, a<, 8z, 0, h<,

PlotPoints ~ 100, AspectRatio ~ 1, Contours ~ 820, 40, 60, 80<,
ContourLabels — Automatic , ContourShading =~ False D
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The contoursall meetat the discontinuityin the corner. If you passthe cursorover a contour,it will
displaythevoltagevaluefor thatcontour.

We canusecolor to showthe contoursmorevividly. We adda few more contoursin the low voltagt
region,andwe alsoaskfor labelson the contoursby usingthe option ContourLabels->All.
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ContourPlot @ol @, z, 20D, 8r, - a, a<, 8z, 0, h<, PlotPoints ~ 100,
AspectRatio ~ 1, Contours ~ 85, 10, 20, 40, 60, 80<,
ContourLabels — All , ColorFunction " HueD

We seethat thereisn't much happeningn the lower part of the cylinder. The regionbelow the lowes
contourshownis all below5 volts. The potentialis poorly behavedn the cornerswherethe equipotentialsneet
We haveto take the blamefor that, becausenve imposeda boundarycondition which is discontinuousat the
corner.



