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Laplace  Equation  in  a Cylinder
Mathematica 7

In this notebook, we construct contour plots of a solution of the Laplace equation obtained in class.  The
problem solved was to find the potential in a circular cylinder with zero potential on the bottom and on the side,
and with a constant potential on the top.  The mathematical formulation of the problem is given below.
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with F Hr, 0L = 0, F Ha, zL = 0, andF Hr, hL = F0 ,

where F0 = constant.  We solved this in class by separation of variables.  The solution is 
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where anis the nth root of the Bessel function J0.  We will  use this solution as the basis for constructing contour

plots of the potential in the cylinder.  We begin by specifying the parameter values.  

h = 4.0 H* * m ** L; a = 2.0 H* * m ** L; F0 = 100.0 H* * volts ** L;

We get the first 100 zeros of J0 and store them in the array azer.

azer = Table @N@BesselJZero @0, kDD, 8k, 1, 100<D;

Now we define the nth term in the series.

term @r_ , z_ , n_D : =
2 F0 HBesselJ @0, Hazer @@nDD r • aLD• Hazer @@nDD BesselJ @1, azer @@nDDDLL

HSinh @azer @@nDD z • aD• Sinh @azer @@nDD h • aDL

Finally we define the kth partial sum.

sol @r_ , z_ , k_ D : = Sum@term @r , z, nD, 8n, 1, k<D

We begin by checking the boundary function on the top of the cylinder.  We set the option ImageSize to
250 for all of our plot statements.

SetOptions @Plot , ImageSize ¯ 250D;



Plot @sol @r , h, 100D, 8r , 0, a<, AxesLabel ¯ 8" r " , " F" <,
PlotLabel ¯ " Potential on Top" , PlotRange ¯ 80, 115<D
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The convergence is only fair, as we would have expected from our earlier Bessel expansions of  the constant
function.  As soon as we move away from the boundary, we get exponential convergence from the ratio of the
two sinh functions, and the results are much better.  To illustrate this, we look at the potential as a function of r
for z = 0.9h.  We do this first for 50 terms in the series (in red) and then for 20 terms in the series (in blue).

graph1 = Plot @sol @r , 0.9 h, 50D, 8r , 0, a<, AxesLabel ¯ 8" r " , " F" <,
PlotLabel ¯ Row@8" Potential at z =" , PaddedForm @0.9 h, 82, 1<D, "

" , " H50 terms L" <D , PlotRange ¯ 80, 110<,
PlotStyle ¯ RGBColor @1, 0, 0DD

0.0 0.5 1.0 1.5 2.0
r

20

40

60

80

100

F

Potential at z = 3.6
H50 terms L

2 lapcyl.nb



graph2 = Plot @sol @r , 0.9 h, 20D, 8r , 0, a<, AxesLabel ¯ 8" r " , " F" <,
PlotLabel ¯ Row@8" Potential at z =" , PaddedForm @0.9 h, 82, 1<D,

"
" , " H20 terms L" <D ,

PlotRange ¯ 80, 110<, PlotStyle ¯ RGBColor @0, 0, 1DD
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We use a show command to compare the graphs.

Show@8graph1 , graph2 <,
PlotLabel ¯ Row@8" Potential at z =" , PaddedForm @0.9 h, 82, 1<D<DD
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We see that 20 terms gives good graphical accuracy as long as we are not too close to the top boundary.  

As a final  graph, we construct contours of  constant potential in the cylinder.  We use 20 terms in the
partial sums.  To keep the geometry true, we use an aspect ratio of 1.  We ask for contours at 20 volt intervals
from 20 to 80.  The upper boundary is the 100 volt contour, and the lower boundary plus the sides make up the 0
volt contour. 
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ContourPlot @sol @r , z, 20D, 8r , - a, a<, 8z, 0, h<,
PlotPoints ¯ 100 , AspectRatio ¯ 1, Contours ¯ 820, 40, 60, 80<,
ContourLabels ¯ Automatic , ContourShading ¯ False D

The contours all meet at the discontinuity in the corner.   If  you pass the cursor over a contour, it  will
display the voltage value for that contour.  

We can use color to show the contours more vividly.    We add a few more contours in the low voltage
region, and we also ask for labels on the contours by using the option ContourLabels->All.
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ContourPlot @sol @r , z, 20D, 8r , - a, a<, 8z, 0, h<, PlotPoints ¯ 100 ,
AspectRatio ¯ 1, Contours ¯ 85, 10, 20, 40, 60, 80<,
ContourLabels ¯ All , ColorFunction ¯ HueD

We see that there isn't much happening in the lower part of the cylinder.  The region below the lowest
contour shown is all below 5 volts.  The potential is poorly behaved in the corners where the equipotentials meet.
We have to take the blame for  that, because we imposed a boundary condition which is discontinuous at the
corner.  
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