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1. Introduction

This notebookhastwo purposes:to give a brief introductionto Besselfunctions,andto illustrate how
Mathematica canbe usedin working with Besselfunctions. We beginwith a summaryof the origin of Bessel'
equationin our course.

By separatingvariablesfor the Laplaceequationin cylindrical coordinateswe found solutionsof the
form

ENG cosHinglL
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wherem= 0, 1, 2, ... . TheradialfunctionF satisfiedBessel'quationof ordermwith a parametel :
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Herel is aconstanarisingin theseparatiorprocess.By introducinga newindependentariable

x=v/r,

we may put equation(1) in theform

d, d m?
S+ (x-2) =0 2
We dealwith the solutionsof this equatiorfor generaim in section3.

The importantspecialcasem = 0 correspondgo solutionsof the Laplaceequationwhich areindeper
dentof g Theequationfor F thenreducego Bessel'squationof order0:

d dF _
;JXEN'XF—O . (3)
We dealwith solutionsof this equationin section2.

The equationg2) and(3) arisein thosecaseswherethe solutionis oscillatoryin r and exponentiain z
In other problems,the homogeneou®oundaryconditionsare on surfacesof constantz, making the solution:
oscillatory in z. In thosecasesthe separationconstanthas a sign oppositeto that in equation(1), and the
resultingradialequationhasthe form

d  dF m? _
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This is calledthe modified Bessel'quationof orderm with aparametel. Thescalingx = VI r reducesghisto
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d , dF m? _
+65) - (x+ —)F =0 .

Solutionsof this equationarediscussedhn section5. Thespecialcasem = 0 for axisymmetricsolutionsis

d dF _
EJXEI\-XF—O . (6)

andsolutionsof this equationarediscussedn sectiond.

2. The Bessel Functions Jyand Y,

m/

2.1 Summary of Solution by the Method of Frobenius

As shownin class,equation(3) hasa regularsingularpoint atx = 0, andthereforecanbe solvedby the
methodof Frobenius. The detailedcalculationsshowthat the indicial equationhasa repeatedoot 0, 0. Thus
thereis only onesolutionof the Frobeniusform, andthe secondsolutionhasa logarithmicsingularityatx = 0.
Becauseheindicial rootis 0, the Frobeniussolutionhasthe form of a powerseriesandis thuswell-behavedt x
= 0. This solutionhasbeenstandardizedby choosingthe multiplicative constantso that the function valueis 1
whenx = 0. Theresultingfunctionis calledthe Besseffunction of thefirst kind of order0, andis denotedby Jo.

The secondsolution -- the one with a logarithmic singularity at x = 0 -- hasalso beenstandardizedandit is
denotecdby Yo.

QJ/

2.2 Series Expansions for Jpand Y,

The Frobeniugmethodreadilyyieldsthefollowing seriesfor Jo:

Bke2l2  Bke2l*  Bke216 P H 11K Bxe 212K
JohL=1- + - +...=34 ——. 0
HIL2 R!12 HB!L2 o | M2

Becausedhe equationhasno othersingularpoints,we expectthis seriesto convergefor all X, a conclusioneasily
verified by theratio test.

The derivationof a seriesfor YgkkL is muchmoredifficult, andtheresultingseriess morecomplicated:
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Hereg is Euler'sconstantvhichis knownto Mathematiceby the nameEulerGamma
N@tulerGammaD

0.577216

Fortunatelyfor us, we do not haveto usetheseseriesdirectly to getvaluesfor thesefunctions. Besselfunctions
arebuilt in to Mathematica, andwe considerthatnext.
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2.3 Using Mathematica to Evaluate Jyand Y,

The Mathematica function BesselJ[m,xfeturnsthe valueof Jy kL andthe function BesselY[m,x]Jreturn
the valueof Yy bkL. As anexperimentjet's calculatethe value of Jg for x = 1, 2, and 3, usingboth the seriesof
equation(7) andthe Mathematicaunction. We first definethe Nth partial sumof the series.

Jseries @_, n_D:=Sum@+ 1L "k* Hxe 2L "H2* kL Hk!L”~2, 8k, 0, n<D
We startwith x = 1. Mathematica gives
BesselJ @, 1.0 D

0.765198

The seriesgives

Table @series @..0, nD, 8n, 1, 4<D

80.75 , 0.765625 , 0.765191 , 0.765198 <

Thus four termsare sufficient to give six-placeaccuracy. For x = 2 and 3, we expectthat we will needmore
termsin the series.

Besseld @, 2.0 D

0.223891

Table @series @.0, nD, 8n, 4, 6<D

80.223958 , 0.223889 , 0.223891 <

Forx = 2, we seethat6 termsaresufficientfor six-placeaccuracy.

Besseld @, 3.0 D

- 0.260052

Table @series @.0, nD, 8n, 5, 7<D

8- 0.260291 , - 0.260041 , - 0.260052 <

Forx = 3, we need? terms.

From hereon, we will usethe Mathematica built-in functionsbecausdéhey are much more convenien
In any casethe seriescannotbe usedfor very largevaluesof x, somethingvhich Mathematica knowsto avoid.

At this point we haveconsiderablanachinery but we haveno intuitive feeling for Besselfunctions. We
remedythatby looking nextat somegraphs.
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a 2.4 Plots of Jygand Y,

An appropriatesizefor printedgraphsis 250. For displayof graphs,a sizeof 350is better. The sizeis
controlledthroughoutthe notebookby the SetOptioncommandbelow. After executingthat, we usethe functior
Plot to getsomepicturesof JpandYy. Firstwe plot Jo.

SetOptions @Plot , ImageSize =~ 250D,
graphJO = Plot @esseld @, xD, 8x, 0, 20<, AxesLabel -> 8"x", "J,"<D
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10 |

0.8 |
06 |
04 |

02 |

- 1 /\ 1 (! 1 X
] 5 10 15\/ 20
-0.2 |

-04 [

An interestinggraph. We seethat Jyis anoscillatoryfunction. In factit looksa lot like a dampedrig function
an observationvhich we will makemore precisein section2.6. We alsoseethat J; hasmanyzeros(in fact it

hasinfinitely many). As we havealreadyseenin class,we needto find thesezerosto find the eigenvaluedor
solutionsof Laplace'squationby separatiorof variables. In section2.5,we will seehowto dothis.

Now let's plot Yg. We will haveto be a little carefulbecausef the singularityatx = 0, sowe startoul
plot alittle awayfrom 0. Let'susethe sameplot rangethatMathematica selectecabovefor Jo.

graphY0 = Plot @esselY @, xD, 8x, 0.01, 20<,
PlotRange -> 8- 0.4, 1.0 <, AxesLabel -> 8"x", "Y,"<D
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The functionYj, like Jp, is oscillatory,andagainlooks like a dampedrig function, apartfrom the divergenceo
-1 atx=0. Let'splot thetwo functionson the samegraph:
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Show@raphJO , graphYO D
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Now we seethatfor largerx theylook like dampedrig functionsdiffering only by a phaseshift. We will seein
section2.6thetruth of thatstatement.

2.5 Finding Roots of J,

Earlierin our coursewe haveseenexamplef finding rootsby usingFindRoot. Thatwill alsowork fot
the Besselfunctionswe are studyinghere. For Jy, for example,we seefrom the graphthat the first root is
between2 and3. Thuswe canuseFindRootwith aninitial guessof 2.5:

rootl = FindRoot @Besseld @, xD, 8x, 2.5 <D

8x = 2.40483 <

Theanswelis in theform of areplacementule. Let'scheckit by evaluatingly at thatvalue:
BesselJ @, xDe. rootl
-9.51574 p10° Y

That'scloseenoughto zerofor mostpurposes. We could continuefinding the otherrootsof J, by alteringthe
initial guessandrepeatinghe calculation. Fortunately thereis a mucheasiemway in Mathematica. Mathemat-
ica hasbuilt-in functionsfor gettingthe zerosof Besselfunctions. For the J Besselfunction the nameof the
function returninga zerois BesselJZero[n,K].This returnsthe kth positivezeroof J,. For convenienceve use
this functionto constructalist (Table)of thefirst 40 zerosof Jo. We assignthelist to zerolist.

zerolist = N@able @esselJZero @, i D, 8i, 1, 40<DD

82.40483 , 5.52008 , 8.65373 , 11.7915 , 14.9309 , 18.0711 ,

21.2116 , 24.3525 , 27.4935 , 30.6346 , 33.7758 , 36.9171 ,

40.0584 , 43.1998 , 46.3412 , 49.4826 , 52.6241 , 55.7655 , 58.907 ,
62.0485 , 65.19 , 68.3315 , 71.473 , 74.6145 , 77.756 , 80.8976 ,
84.0391 , 87.1806 , 90.3222 , 93.4637 , 96.6053 , 99.7468 , 102.888 ,
106.03 , 109.171 , 112.313 , 115.455 , 118.596 , 121.738 , 124.879 <
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The zerosarethenavailablefor any subsequentalculation. For examplethefirst zerois givenby

rootl = zerolist @albD

2.40483

This is the sameasthevaluefoundby FindRoot. As before,we checkthis by evaluatingly for thisvalue:
Besseld @, xDe. x -> rootl
-9.51574 p10° Y
We canlearnsomethingnterestingaboutthe zerosby calculatingthe spacingoetweersuccessiveeros:

Table @Hzerolist @@h +1DD- zerolist @@DDL, 8n, 1, 39<D

83.11525 , 3.13365 , 3.13781 , 3.13938 , 3.14015 , 3.14057 ,

3.14083 , 3.14101 , 3.14113 , 3.14121 , 3.14128 , 3.14133 ,

3.14137 , 3.1414 , 3.14142 , 3.14144 , 3.14146 , 3.14147 , 3.14149 ,
3.1415 , 3.1415 , 3.14151 , 3.14152 , 3.14152 , 3.14153 , 3.14153 ,
3.14154 , 3.14154 , 3.14155 , 3.14155 , 3.14155 , 3.14155 ,

3.14156 , 3.14156 , 3.14156 , 3.14156 , 3.14156 , 3.14157 , 3.14157 <

We seethatalthoughthe zerosarenot exactlyequallyspacedthey areapparentlyasymptoticallyequally spacec
andthespacindookssuspiciouslylike p! More onthislater.

The mainpointin this sectionis thattherootsof Besseffunctionsare easilyandinstantlyavailable.

2.6 Asymptotic Values of Joand Y, for Large Argument

As we saw earlier, the graphsof the Besselfunctionslook a lot like lightly dampedtrig functions. By
advancedechnique®f asymptoticanalysisjt canbe shownthatfor largex, JoHL andYgHL areapproximatedy

JOLarge[x]JandYOLarge[x], where
JOLarge @_D:=Sqrt @.0 *« Hp* xLD* Cos@ - p* 4D

YOLarge @_D:=Sqrt @.0 « Hp* xLD* Sin @& - p* 4D
We seethat theseare indeeddampedtrig functionsfor large x, but the amplitudedecreases very gradual. It
goeslike 1 V'x, which is muchmore gradualthanexponentialdamping. We also seethat for largex, Joand
Yo differ only by a phaseshift. Finally, we seethatthelargerzerosof J, arethe zerosof cos[x- p/4] -- thatis (n
- 1/4)y -- andthis explainsour earlierobservatiorthattheinterval betweerzerosappearso approactp.

We comparethe exactand asymptoticfunctionsgraphically,showingthe exactasa solid curve,andthe
asymptoticasa dashecturve.
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compJgraph = Plot @BesselJ @, xD, JOLarge @xDx,
8x, 0, 10<, PlotRange ~ 8-0.41 , 1. <,
PlotStyle =~ 8Dashing @0.01° , 0. <D, Dashing @0.01° , 0.01° <Dx,
AxesLabel ~— 8"x", "JoHxL"<, PlotLabel =~ "Exact Hsolid L
Asymptotic Hdashed L" D

Exact Hsolid L
Asymptotic  Hdashed L

04 A\
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-04 L N
We seethatthe approximatioris quite good,especiallyfor x about3 or larger. Let'slook atthe numbers:

Besseld @, 3.0 D

- 0.260052

JOLarge @.0 D

- 0.276507

Finally, we comparegraphicallythe exactandasymptoticformsfor Yo:
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compYgraph = Plot @BesselY @, xD, YOLarge @Dx,

8x, 0.01° , 10<, PlotRange =~ 8-0.4" , 1. <,
~ 8Dashing @®0.01° , 0. <D, Dashing @0.01° , 0.01° <Dx,

PlotStyle
AxesLabel ~— 8"x", "YyHxL"<, PlotLabel @~ "Exact Hsolid L
Asymptotic Hdashed L" D
Exact Hsolid L
Asymptotic  Hdashed L
YoHxL
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Again excellentagreementor x greaterthanabout3. Herearethenumberdor x = 3:

BesselY @, 3.0 D

0.37685

YOLarge @.0 D

0.368443

3. The Bessel Functions J, and Y,

a 3.1 Summary of Solution by the Method of Frobenius

The functionsJHKL and Y,FkL are the solutionsof equation(2), which is Bessel'ssquationof orderm.

As shownin class,equation(2) hasa regularsingularpoint at x = 0, andthereforecanbe solvedby the methoc

of Frobenius. The detailedcalculationsshow that the indicial equationhasroots -m, m. Thesediffer by ar
integer,andsothe FrobeniusTheoremtells usthatwe will geta solutionof the Frobeniusorm correspondingo
the root +m, andthatthereis the possibility of a logarithmicsingularityatx = 0 for the othersolution. Detailec
analysisconfirms that the secondsolution is not of the Frobeniusform and doesindeedhave a logarithmic
singularityatx = 0. The Frobeniussolutionis of the form of a powerseriestimesx™ andis thuswell-behavedt
x = 0 (underthe assumptiormadethroughouthis notebookthatm is a non-negativenteger). This well-behave
solution, when standardizedsin section3.2, is called the Besselfunction of the first kind of orderm, andis
denotedby J,HL The singularsolution, standardizedn section3.2, is calledthe Besselfunction of the secon

kind of orderm, andis denotedoy YqFL.
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3.2 Series Expansions for J,,and Y,

The Frobeniusmethodreadily yields a seriesfor the solutionassociatedvith the indicial root +m. With
the multiplicative constanthosenn a standardvay, this seriesbecomeshefunction Jy,:

JmhkL:(—O — - + - + ...
2 m! HILH+ml  RILRR+ mU FBILEB + mU!

! k 2k ©
(x m i H 1L bBke2L

X m( 1 Bxe 212 Bke2l* Bke 215

a —————.
2 o HKILH+ mL

Becausehe equationhasno othersingularpoints, the seriesconvergedor all x, a conclusioneasilyverified by
theratiotest.

Thederivationof a seriesfor Yy bkl is muchmoredifficult, andtheresultingseriess complicated:

Bke2l ™ M 1 Hin- k- 1L /x 2k 2 1
Y HL= - a (—o + —In(—xl\l]ml-)kL ;
P ko k! 2 p 12 (10)

Bke2L™ ! H 11X ke 212K
a & HK+1+yHn+k+ ll<——
P o k! Hin + kL!

wherey is the Digammafunction, givenby y (1) = -g (g is Euler'sconstantasbefore),andy(n) = -g + U’k‘;il-k.

Notice thatthelogarithmis not theworstsingularityin Yy, atx = 0. Therearenegativepowersof x also,
with the highestbeingx—™.

We do not haveto usetheseseriesdirectly becausahesefunctionsare built in to Mathematica. We
considerthatnext.

m/

3.3 Using Mathematica to Evaluate J,, and Y/,

The Mathematica function BesselJ[m,xJeturnsthe value of J,EkL andthe function BesselY[m,x]return
thevalueof YHL As anexperiment)et'scalculatethe valueof Jy, for x = 2, andfor m= 1, 2, and3, usingbott
the seriesof equation(9) andMathematica. We first definethe Nth partialsumof theseries.

Jseries @_, m, n_D:=
Hx e 2LAm* Sum@+ 1L Kk ™* Hx e 2L AH2* kLe HHk!L* Hk +nL! L, 8k, 0, n<D
We startwith m= 1. Mathematica gives

Besseld @, 2.0 D

0.576725

The seriesgives
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Table @series @.0, 1, nD, 8n, 1, 5<D

80.5, 0.583333 , 0.576389 , 0.576736 , 0.576725 <

Thusfive termsaresufficientto give six-placeaccuracyfor x = 2. Now wetry m= 2.

Besseld @, 2.0 D

0.352834

Table @series @.0, 2, nD, 8n, 3, 6<D

80.352778 , 0.352836 , 0.352834 , 0.352834 <

Thusagainfive termsaresufficientfor six-placeaccuracyfor x = 2. Finally, wetry m= 3.

Besseld @, 2.0 D

0.128943

Table @series @.0, 3, nD, 8n, 3, 6<D

80.128935 , 0.128943 , 0.128943 , 0.128943 <

Herefour termsaresufficient.

From hereon, we will usethe Mathematica built-in functionsbecausdéhey are much more convenien
In anycasethe seriescanbe usedeffectively only for moderatelysmallvaluesof KE

At this point, we don'thavea goodpictureof how the Besselfunctionsdependon the orderm. We nex
look at somegraphsto illustratethis.

a 3.4 Plots of J,, and Y,

To look atthedependencef J,, onthe orderm, we plot thefirst six Besselfunctionsoverthe x-range{0,
20}.
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graphdm = Plot @Bessell @, xD, Besseld @, xD,
Besseld @, xD, Bessell @, xD, Bessell @, xD, Bessell @, xD<,
8x, 0, 20<, PlotRange =~ 8- 0.41, 1.<, AxesLabel ~— 8"x", "J,"<D

Jm
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An interestinggraph,althougha little busy. The graphillustratesthe fact that the largerm is, the more slowly
the Besselfunctionstartsup. This happendecausd, is proportionalto xX™. Thusatx = 0, J, andits first m- 1

derivativesvanish. After thisinitial sluggishstartfor thelargerm's, we seethattheJ,,' s havesimilar behavior--
thatis, theyall look like dampedrig functions(which we look atin moredetailin section3.6) andtheyall have
infinitely manyzeros(which we learnhowto find in section3.5).

Now let's plot Y. We will haveto be a little carefulbecausef the singularityat x = 0, sowe startoul
plot alittle awayfrom 0. Let'susethe samem-valuesasabovefor theJ's.

graphYm = Plot @BesselY @, xD, BesselY @, xD,
BesselY @, xD, BesselY @, xD, BesselY @, xD, BesselY @, xD<,
8x, 0.01° , 20<, PlotRange =~ 8- 0.41, 1.<, AxesLabel ~— 8"x", "J,"<D

Im
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The functionswith the highervaluesof m divergeto infinity morerapidlyasx ™ 0, becausef thex ™ term,anc
this makesit easyto tell which is which on the graph. After theinitial divergencethe Y's settleinto the by-now
familiar dampedoscillation. You may havenoticedthat the abovegraphtook considerablylongerto produci
thanthe previousonefor theJ's. That'shecaus¢he computationakffort to find valuesof theY's is muchgreate
thanthatfor finding theJ's.
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3.5 Finding Roots of J,

Earlierwe foundrootsof Jy. In thesameway, we canfind therootsof anyJ,,. As anexample]et'sfind
thefirst 40 zerosof Js.

zerolist = N@able @esselJZero @, i D, 8i, 1, 40<DD

88.77148 , 12.3386 , 15.7002 , 18.9801 , 22.2178 , 25.4303 ,

28.6266 , 31.8117 , 34.9888 , 38.1599 , 41.3264 , 44.4893 ,

47.6494 , 50.8072 , 53.963 , 57.1173 , 60.2702 , 63.4221 , 66.5729 ,
69.7229 , 72.8722 , 76.0208 , 79.1689 , 82.3164 , 85.4636 , 88.6103 ,
91.7567 , 94.9028 , 98.0485 , 101.194 , 104.339 , 107.484 , 110.629 ,
113.774 , 116.918 , 120.063 , 123.207 , 126.351 , 129.495 , 132.639 <

The zerosarethenavailablefor any subsequentalculation. For example thefirst zerois givenby

rootl = zerolist @QdLDD

8.77148

We checkthis by evaluatingJs for thisvalue:
BessellJ @, xDe. x -> rootl
6.54068 10
Excellentaccuracy.As we did beforefor Jo, let's checkthe spacingoetweerthesezeros:

Table @Hzerolist @@h + 1DD- zerolist @@DDL, 8n, 1, 39<D

83.56712 , 3.36157 , 3.27996 , 3.23767 , 3.21254 , 3.19628 ,

3.1851 , 3.17706 , 3.17109 , 3.16651 , 3.16294 , 3.16008 , 3.15777 ,
3.15586 , 3.15428 , 3.15294 , 3.15181 , 3.15084 , 3.15, 3.14927 ,
3.14863 , 3.14807 , 3.14757 , 3.14713 , 3.14674 , 3.14638 ,

3.14607 , 3.14578 , 3.14552 , 3.14528 , 3.14506 , 3.14487 ,

3.14469 , 3.14452 , 3.14437 , 3.14422 , 3.14409 , 3.14397 , 3.14386 <

We seeagainthat althoughthe zerosare not exactly equally spacedthey seemto be approachingequalspacing
for thelargeroots,andasbeforethe spacingseemdo beapproaching. More onthis later.

From our graphearlierof J,, for m= 0, 1, 2, 3, 4, and5, we would expectthefirst root of Jy, to increas
with m. Let'scheckthis by finding thefirst root of eachof thefirst 11 Besselfunctions:

N@rable @esselJZero @n 1D, 8m 0, 10<DD

82.40483 , 3.83171 , 5.13562 , 6.38016 , 7.58834 ,
8.77148 , 9.93611 , 11.0864 , 12.2251 , 13.3543 , 14.4755 <

Our expectatiorwascorrect.

As we sawbefore,the functionsBesselJZer@and BesselYZeranakethe roots of Besselfunctionseasil
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andinstantlyavailable.

3.6 Asymptotic Values of J,, and Y, for Large Argument

The asymptoticformulaswe quotedearlierfor JopandYy haveextensiongo J, andYy,. It canbe showi

Qy

thatfor largex, JnbkL andY,EL areapproximatedy JLarge[m,xJandYLarge[m,x],where

JLarge @n_, x_D:=Sqrt @.0 « Hp* XxLD* Cos@ - m*pe2- pe 4D

YLarge @n_, x_D:=8Sqgrt @.0 « Hp* XLD* Sin @ - m*pe2- pe 4D
TheseformulasincludeJy and Yy asspecialcases.As before,we seethatthe amplitudedecreasés very gradual
It goeslike 1 Vx andis much more gradualthan exponentialdamping. We also seethat for largex, J, anc

Ymdiffer only by a phaseshift. Finally, we seethatthe large zerosof J,, arethe zerosof cos[x- mp/2 - p/4] --
thatis (n + m/2 - 1/4)p -- andthis explainsour earlierobservatiorthattheintervalbetweerzerosapproachg.

We comparethe exactand asymptoticfunctionsgraphically,showingthe exactasa solid curve,andthe
asymptoticasa dashecturve. By way of examplewe do this for m= 5.

compJmgraph = Plot @Bessell @, xD, JLarge @, xDx,

8x, 0, 40<, PlotRange =~ 8-0.41, 1.<,
PlotStyle ~ 8Dashing @0.01 , 0. <D, Dashing @0.01 , 0.01 <Dx,
AxesLabel — 8"x", "JsHxL"<, PlotLabel ~— "Exact Hsolid L

Asymptotic ~ Hdashed L" D

Exact Hsolid L
Asymptotic  Hdashed L
JsHxL
1.0?
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-04 L

We seethatthe approximationeventuallyjoins up with the exactfunction, but we haveto go to quite largex for
this to happen. This is in markedcontrastwith the casefor Jy, wherethe resultsweregoodfor x assmallas3.

Thisis typical of the higherorderBessefunctions. Forlargermit is evenworse.

Now we do the samecomparisorfor Ys:
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compY5graph = Plot @BesselY @, xD, YLarge @, xDx,

8x, 0.01 , 40<, PlotRange -> 8-0.4, 1.0 <,
PlotStyle  -> 8Dashing @0.01 , 0.0 <D, Dashing @0.01 , 0.01 <Dx,

AxeslLabel -> 8"x", "VYsHxL"<, PlotLabel -> "Exact Hsolid L
Asymptotic Hdashed L" D

Exact Hsolid L
Asymptotic  Hdashed L
YsHx L
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Again we mustgo to very largex to getgoodagreement.

3.7 Recurrence Relations
It is aninterestingpropertyof Besselfunctionsthatanythreefunctionsof consecutiveorderarerelated-

in facttherearetwo independensuchrelations. Theyare

2m
Jn-1 KL+ J oy BXL= — J,, BXL 11
X
and
I 1 KL= 3,4 L= 27, BHL (12)
The exactsameformulasare alsovalid for Yy,HL or evenfor any fixed linear combinationof J;,, andY,,. The
formulasarevalid evenfor negativeindices,providedwe usethe standardiefinitionsof J,, andY, for negativ

order:

J. HL=HI1"J, KL, Y., BL=H1™Y, kL. (13

Therecurrencdormulashavesurprisinglymanyuses. For example a computationaschemdor evaluat
ing JnbkLfor fixed x and many different valuesof m can be designedaroundequation(11). The formulasare
alsosometimesisedin the evaluationof integralsinvolving Bessefunctions,aswe shallseein the nextsection.
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a 3.8 Integrals Involving Bessel Functions

In completingthe solution of the Laplaceand other equationsby separatiorof variablesin cylindrica
coordinatespne usually hasto expandsomeboundaryfunction in a seriesof Besselfunctions. This in turn
requiresthe evaluationof certainintegralsinvolving the Besselfunctions. With complicatedboundaryfunction:
theseintegralsmust be done numerically, which is no problemin Mathematica with the Nintegratefunction
For certainsimple caseof boundaryfunctions,the integralscanbe doneanalytically,andthesesimplecasesare
often usefulastestandcalibrationcasedor the numericalapproach.We considerin this sectiontwo elementar
integralsthatcanbedoneanalytically.

For the first examplewe startwith the recurrencdormulas(11) and(12). We multiply (11) by x™ anc
(12) by x™ andaddthemup. Theresultcanbe putinto theform

d
—@" I HKD= X" Jy. 1 KL,
dx
andby integratingthis, we getthefollowing indefiniteintegral:

Ux"J,,. 1 HkLax = x"J, KL . (14)
A frequentlyoccuringspecialcaseis givenby m= 1:

UxJohkLax = xJ1HL . (15
By integration-by-partsye canparlaythis into otherintegrals. For example,

Ux3JoHkLax
canbeevaluatedy lettingu = x? anddv = xJokkLdx, hencev = xJ;HL Theintegration-by-partshengives

UxCJohkLAX = X3J1HKL - 232 JHKL . (16)
Mathematica knowshow to do theseintegralsanalytically. Considertheintegralgivenin (15):

Integrate @ * Besseld @, xD, xD

1 x?
— x? HypergeometricOF1Regularized B2, - —F
2 4

Not whatwe expected!Let'sseewhatFullSimplify doesfor us.

FullSimplify ~ @®

X Besseld @, xD

That'sbetter.
Hereis theMathematica versionof theintegralin (16):
Integrate @ "3 * Besseld @, xD, xD

-x2H 2 Besseld @, xD+x BesselJ @3, xDL
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By usingequation(11), you canshowthatthisis equivalento equation(16).

4. The Bessel Functions [ and K

The functionsly andKq consideredn this sectionare solutionsof equation(6), the modified Bessel
equationof order0. In principle, all of the developmenfor Jyand Yy could be repeatecherewith the minot
variationsrequiredby the switchfrom Jy andYy to Ig andKq. In practice thefunctionsly andKg arenot usedas
muchin our courseasJy andYy, sowe will keepthediscussiorvery brief.

The modified Bessel'ssquationhasa regularsingularpoint at x = 0. The applicationof the methodof
Frobeniusshowsthatthe indicial equationhasrepeatedoots0, 0, sothereis onesolutionof the Frobeniusorm,
anda secondsolutionwith a logarithmicsingularity. The solutionwell-behavedatx = 0 is standardize@s|yHL,

andtheFrobeniusseriess

Bke 212K
o HI?

Bke2l2  Bke2l*  Bke218 |
lpHL= 1+ + + +...=4a
k=

H 112 k2112 8112 S

The seriesfor the secondsolutionKgis moredifficult to obtainandmoreintricate. It is givenby

1
Ko BKL = - :In(EXN+ g>lo KL +

bke 212 1y Bke2l4 1 1\ Bke2L5
: + ( ) + ( ) - > (18)

: 1+ — 1+ —+ -
HI2 2) B2 2 3/ B2

Thesefunctionsare both built in. The Mathematica function Bessell[0,x]gives IoBkL and the functior
BesselK[0,x]givesKoHL Let'sseewhattheylook like.

graphl0 = Plot @essell @, xD, 8x, 0, 4<, AxesLabel -> 8"x", "I HxL"<D

| oHXL

10f

We seethatl startsat 1 andappeargo increaseexponentially. Now we plot Kg, avoidingthe singularityatx =
0.
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graphKO = Plot @esselK @, xD, 8x, 0.01 , 4<, AxesLabel -> 8"x", "KyHxL"<D

KoHxL

1.2 -
1o
0.8
0.6 -
0a |

02 f

We seethat Kgappearsto drop exponentially. As with Jy and Yy, it is possibleto derive simple asymptoti
approximationdor largeargument. Onecanshowthatfor largex, loHL is approximatedy I0Large[x], andtha
Kokxl is approximatedy KOLarge[x], where

IOLarge @_D:=Exp@D- Sqrt @ * p* xD

KOLarge @_D: =Exp@ xD* Sqrt @+ H2* xLD
We comparethe exactandasymptotidormulasgraphically,startingwith I .

complgraph =

Plot @Bessell @, xD, I0Large @D<, 8x, 0.01 , 4<, PlotRange -> 80, 15.0 <,
PlotStyle  -> 8Dashing @0.01 , 0.0 <D, Dashing @0.01 , 0.01 <Dx,
AxesLabel -> 8"x", "l HxL"<, PlotLabel -> "Exact Hsolid L

Asymptotic ~ Hdashed L" D

Exact Hsolid L

Asymptotic  Hdashed L
| gHxL

12f

10|

We seethat the approximationis adequatealthoughnot spectacular. It is possibleto developmore accurat
approximationavhich essentiallyprovidea small correctionto I0Large.
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Finally we look atthe exactandapproximateKg.

compKgraph =

Plot @BesselK @, xD, KOLarge @&D<, 8x, 0.01 , 4<, PlotRange -> 80, 1.0 <,
PlotStyle -> 8Dashing @0.01 , 0.0 <D, Dashing @0.01 , 0.01 <Dx,
AxeslLabel -> 8"x", "KyHxL"<, PlotLabel -> "Exact Hsolid L

Asymptotic Hdashed L" D

Exact Hsolid L
Asymptotic  Hdashed L

10 n

08 |

0.4 i AN

02 | AN

~—
—
————

Again we see a good but not great approximation,and again it is possibleto develop more accurat
approximations.

Very roughly speakingfor largex, [gkkL behavedike e * V' x andKgHL behavedike e** v/x . Forsmal
X, lp is well-behavedandKy becomedogarithmicallysingularasx — 0.

5. The Bessel Functions I, and K,

The modified Besselfunctions I,bkL and K,HKL are solutions of equation(5), the modified Bessel
equationof orderm. We give hereavery brief summaryof the basicpropertiesof thesefunctions.

Equation(5) hasa regularsingularpoint atx = 0, andthe Frobeniusanalysisshowsthat the roots of the
indicial equationare-m andm, andthusthey differ by aninteger. Furtheranalysisshowsthatonly the root +m
gives a solution of the Frobeniusform, andthis solution, appropriatelystandardizedis the one calledl,. The
seriesobtainedfrom the Frobeniusanalysiss

xm( 1 Bke 212 ke 2L* bxe 218
Iml-akL:(—O — + + + + ...
2 Im!' HILH+ml! RILR+mU  BILB+mU
(19
(xml ke 212K
= — a JE—
2 o HILH+mU

The secondsolution,K,,, hasa logarithmicsingularityatx = 0, aswell asa singularity of the form x™,
The seriesfor Kr,, whichis difficult to derive,is givenby
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1 m-1H 11K Hin- k- 110 X 2K 1
KnBL= — Be2l™ 3 (—o + H1Lm+1|n(—mehkL+
2 o K! 2 2
Hlell-)k 2Lm: 8 Hc+ 1L+ y Hin+ k + 1ls LMLZK
— bBke a +1l+y Hn+ k+ 1< , 20
2 o k! Hin+ KL! (20

wherey is the Digammafunctiondefinedearlier(just afterequation(10)).

Thesefunctionsare both built in. The Mathematica function Bessell[m,x]gives|,HL, andthe functior
BesselK[m,x]givesKhFkL. Let'sseewhatthesefunctionslook like. Wefirst plot I, for m equalto 0 through5.

graphlm =
Plot @Bessell @, xD, Bessell @, xD, Bessell @, xD, Bessell @, xD,
Bessell @, xD, Bessell @, xD<, 8x, 0, 4<, AxesLabel -> 8"x", "I,"<D

We seethe apparenexponentialgrowth as before,but we alsoseethatthe higherorderfunctionsare slowerto
getstarted. Thereasons thatl,HkL hasa factor x™, which meansghatthe functionandthefirst m - 1 derivative:
vanishatx = 0.

Now let'stakea look at a plot of K, for m = 0 through5. We startwith a slight offsetin x to avoid the
singularityatx = 0.
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> 8"x", "K,"<D

20
graphKm = Plot @BesselK @, xD, BesselK @, xD,
BesselK @, xD, BesselK @, xD, BesselK @, xD, BesselK @, xDx,

-> 80, 5<, AxeslLabel

8x, 0.01 , 4<, PlotRange

We seethe apparenexponentiadecayfor largex asbefore,andthe singularityatx = 0, which becomestronge

asmincreases.
Therearesimpleasymptoticapproximationgor | hFL andKkxL for largex, givenby
ILarge @n_, x_D:=Exp@De* Sqrt @ * p* xD

KLarge @n_, x_D:=Exp@ xD* Sqrt @ « H2* xLD
By way of examplewe comparethe exactandasymptoticexpressionor m = 3, beginningwith I,

compl3graph = Plot @Bessell @, xD, ILarge @, xD<, 8x, 0, 10<,
PlotStyle  -> 8Dashing @0.01 , 0.0 <D, Dashing @0.01 , 0.01 <Dx,
AxesLabel -> 8"x", "l 3;HxL"<, PlotLabel -> "Exact Hsolid L
Asymptotic ~ Hdashed L" D
Exact Hsolid L
Asymptotic  Hdashed L
| gHXL
1000 } o
800 | L
600 |-
400 |
200 : P ////
e ~>:’5—:.:':|:/7/ . Ly
2 4 6 8 10

We seethattheagreemenis goodqualitatively,but only fair quantitatively.
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Finally, we look at the exactand asymptoticfunctionsfor K3. We choosethe x andy rangesto bes
illustratethe comparison.

compK3graph
Plot @BesselK @, xD, KLarge @, xD<, 8x, 3, 7<, PlotRange -> 80, 0.1 <,
PlotStyle  -> 8Dashing @0.01 , 0.0 <D, Dashing @0.01 , 0.01 <Dx,
AxesLabel -> 8"x", "K;HxL"<, PlotLabel -> "Exact Hsolid L
Asymptotic  Hdashed L" D
Exact Hsolid L
Asymptotic  Hdashed L
KaHx L
0.10 -,
0.08
006 [\
0.04 [
002 [ L
3 4 5 &

Again theright qualitativebehavior but only fair quantitativeagreement.

6. Who Was Bessel?
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Friedrich Wilhelm Bessel
1784 - 1846

Besselwasborn in Westphalia(Germany)in 1784. In spite of comingfrom a poor family, he entere
businessat the ageof 15 with animport-exportfirm. He wassuccessfulvith the firm, but his naturalintellec
and curiosity led him througha sequencef studiesincluding languagesgeographynavigation,andastronom
andmathematics.At theageof 20 he publisheda paperon the orbit of Halley'sComet. The Germanastronome
Wilhelm Olberswassoimpressedvith this work thathe proposeBesselsanassistanattheLilienthal observe
tory. ThusBesselwasfacedearlyin his adultlife with the choicebetweena businessareerof relativeaffluence
or acareerin sciencewith amuchmoreuncertainfinancialfuture. He chosethe careelin science.

Bessel'sachievementsirefar too numerougo describein detail, but herearea few brief examples. He
studiedthe earth'ssizeandshapeandin 1841he deducedrom his measurementhatthe ellipticity of the Eartt
is 1/299, a remarkablyaccurateresult. He was a pioneerin precisionmeasuremendf stellar positions. His
measurementef stellar parallaxled to someof the first accuratestellar distancedeterminations.For example
he determinedhatthe star61 Cygniis about10.3light yearsfrom the earth. It is not anexaggeratiorno saytha
Bessel'svork is oneof thefoundationsof our presenknowledgeof the scaleof our universe.

Bessel'snow famousequationarosein his studiesof the mutualperturbation®f planetarypositions. He
was one of the first to make a seriouseffort on the notoriously difficult three-bodyproblemin gravitationa
theory.

7. References

The literatureon Besselfunctionsis enormous. Thereis a famous800-pagédreatiseon Besselfunction:
first publishedn 1922andstill very useful:

A Treatise on the Theory of Bessel Functions, by G.N. Watson,CambridgeUniversity Press,2nc
edition,1962.

The singlemostusefulpracticalreferencdor usersof Bessefunctionsis

Handbook of Mathematical Functions, ed. M. Abramowitz and I. A. Stegun,National Bureau of
Standards1964.

This referencehasmanyusefulformulas,graphsandtablesfor a wide variety of specialfunctions. You cannc
longer buy a hardboundcopy for $6.50asyou could in 1964, but a relatively inexpensivepaperbackeprintis
still available.

The ultimatereferenceon specialfunctions,including Bessefunctions,is

Higher Transcendental Functions, Vol. I, II, and III, The Bateman Manuscript Project, ed. A.
Erdelyi, W. Magnus F. OberhettingerandF.C. Tricomi, McGraw-Hill, 1953.

Volumell containsover100pagesf formulaswith Bessefunctions.

Almost all texts on advancectalculusor mathematicamethodsfor scientistsand engineershave som:
usefulinformationon Besselfunctions. Thereare hundredsf suchbooks. Herearetwo by way of example--
thefirst elementaryandthe secondjuite advanced:

Advanced Engineering Mathematics, E. Kreyszig,7th andearliereditions,JohnWiley.

Methods of Theoretical Physics, P.M. MorseandH. FeshbachMcGraw-Hill, 1953.
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The historicalinformationgiven in section6 on Besselcamefrom the CD versionof the Encyclopedi
Brittanica,andfrom a web site at St. AndrewsUniversity devotedto the history of mathematics.The picture of
Besselalsocamefrom thatweb site. Theweb siteis calledthe MacTutorHistory of MathematicsArchive, anc
its addresss

http://www-groups.dcs.st-andrews.ac.uk/~history/



