










ME 201/MTH 281 2008 
Assignment #8

‡ Problem 3

‡ Part (a)
We use Mathematica to evaluate the integrals for the Fourier transform.  We first define the two pieces of f(x).

fl@x_D := Exp@a xD
fr@x_D := x Exp@-a xD

Now the Fourier transform.

kern@k_, x_D := Exp@-Â k xD
ftrans@k_D = Integrate@fl@xD kern@k, xD,

8x, -¶, 0<, Assumptions Ø 8k œ Reals, a > 0<D + Integrate@
fr@xD kern@k, xD, 8x, 0, ¶<, Assumptions Ø 8k œ Reals, a > 0<D
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‡ Part (b)
First we evaluate the integral.

Integrate@fl@xD, 8x, -¶, 0<, Assumptions Ø a > 0D +
Integrate@fr@xD, 8x, 0, ¶<, Assumptions Ø a > 0D
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Now we evaluate the Fourier transform at k = 0.

ftrans@0D
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We have verified the equality.



‡ Part (c)

Parseval's theorem says that Ÿ-¶

¶ ° f HxL †2„ x = 12 p
 Ÿ-¶

¶ °ftransHkL †2„k.  We start by evaluating the left-hand side.

IntegrateBHAbs@fl@xDDL2, 8x, -¶, 0<, Assumptions Ø a > 0F +

IntegrateBHAbs@fr@xDDL2, 8x, 0, ¶<, Assumptions Ø a > 0F
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Next we get the square of the absolute value of the Fourier transform.  Then we will integrate it.

fsqr@k_D = ComplexExpand@ftrans@kD*Conjugate@ftrans@kDDD
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Simplify@H1êH2 pLL Integrate@fsqr@kD, 8k, -¶, ¶<, Assumptions Ø a > 0DD
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We get the same thing, thereby verifying Parseval's theorem in this case.

‡ Problem 4

‡ Part (a)
We are going to transform the entire differential equation, and we start by finding the Fourier transform of the
right-hand side. 

rs@x_D := x Exp@-Abs@xDD
rstrans@k_D = Simplify@
Integrate@kern@k, xD rs@xD, 8x, -¶, ¶<, Assumptions Ø k œ RealsDD
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The  Fourier  transform  of  the  left-hand  side  is  obtained  by  using  the  derivative  rule.   The  result  is  -(1  +  k2 )
ytrans(k), so we may solve for ytrans:
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The  Fourier  transform  of  the  left-hand  side  is  obtained  by  using  the  derivative  rule.   The  result  is  -(1  +  k2 )
ytrans(k), so we may solve for ytrans:

ytrans@k_D = -rstrans@kD ë I1 + k2M

4 Â k

I1 + k2M3

‡ Part (b)
We use Mathematica to invert the Fourier transform.

y@x_D = H1êH2 pLL 

Integrate@ytrans@kD Exp@Â k xD, 8k, -¶, ¶<, Assumptions Ø x œ RealsD
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4
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‡ Part (c)
We plot our solution from -6 to 6.

Plot@y@xD, 8x, -6, 6<, AxesLabel Ø 8"x", "yHxL"<,
PlotLabel Ø "Problem 4 of Assignment Ò8"D
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We estimate from the plot that the minimum and maximum values of y are -0.21 and 0.21.  We can find a more
accurate value by basic calculus techniques.
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FindRoot@D@y@xD, xD ã 0, 8x, 2<D
~ FindRoot::nlnum :  

The function value 9-0.101501+ 0.135335Abs£@2.D= is not
a list of numbers with dimensions 81< at 8x< = 82.<. à

FindRoot@∂xy@xD ã 0, 8x, 2<D

Mathematica is struggling with the Abs function, so we write the expression in simpler form, valid for x>0.

ysimp@x_D = -H1ê4L x H1 + xL Exp@-xD

-
1

4
‰-x x H1 + xL

FindRoot@D@ysimp@xD, xD ã 0, 8x, 2<D
8x Ø 1.61803<

ysimp@xD ê. %

-0.209991

So the range of the function is from -0.210 to 0.210, and our graphical estimate was right on.
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