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ME 201 / MTH 281

Assignment #5 Solutions

m Problem 1

= Parta

We check the Fourier coefficients for the boundary function, calculated earlier by hand. We first calcu-
late c[n], the nth coefficient in the series for ®;, and then d[n], the nth coefficient in the series for ®,.

c[n_] =(2%,/ (aSinh[(n7xb) /a])) *
Simplify[Integrate[(x/a) *Sin[(nnx) /a], {x, 0, a}], n € Integers]

2 (-1)"csch[ 221 ] 3,

n
d[n_] = (28,/ (bSinh[(na) /b])) *
Simplify[Integrate[(y/b) *Sin[(nxmy) /b], {y, 0, b}], n € Integers]

2 (-1)" csch[ 227 ] @

nJt

These agree with what we found earlier.

= Partb

We start by defining the series for the solution. We combine the two series into one. In the definition of ¢, we
include as an argument nterms, the number of terms to be kept in the series.

&[x_, y_, nterms_] :=Sum[ (c[n] *Sin[(nnx) /a] *Sinh[(n7xy) /a]) +
(d[n] *Sin[(nmy) /b] *Sinh[(nxx) /b]), {n, 1, nterms}]
On the boundary, the convergence is rather poor -- like 1/n -- so we will need many terms. We take 100 terms,
and check the boundary potential at the 1/4, 1/2, and 3/4 points on the two boundaries where the potential is
nonzero. In each case we compare the result with the exact given boundary value. We start by specifying the
numerical values of all the parameters.

a=2.0(x*xm *%x); b = 1.0 (** m %x%x); $o= 20.0 (** volts =*x*);
Now we look at the boundary y = b. We construct a table with the values at the 1/4, 1/2, and 3/4 points. In each
element of the table, the series value is given first, and the exact value (from the given boundary function) is
given second.



sol5.nb

Table[{&[i* (a/4), b, 100], &, (i* (a/4)) /a}, {i, 1, 3}]

{{5.02637, 5.}, {9.93634, 10.}, {15.1536, 15.}}

We see that the error is roughly between 0.5% and 1%, which is consistent with keeping 100 terms in a 1/n
situation. Now we look at the boundary x = a.

Table[{&[a, i* (b/4), 100], &, (i* (b/4)) /b}, {i, 1, 3}]

{{5.02637, 5.}, {9.93634, 10.}, {15.1536, 15.}}

The same results, as we might have guessed from the symmetry.

The interior convergence is exponential, so we would expect excellent accuracy with a small number of
terms. We construct a table, using from 1 to 20 terms to calculate the value at the midpoint. We know from the
closed form solution that the exact value there is 5 volts.

Table[&[a/2, b/2, i], {i, 1, 20}]

{5.35529, 5.35529, 4.95627, 4.95627, 5.00642,
5.00642, 4.99897, 4.99897, 5.00017, 5.00017, 4.99997,
4.99997, 5.00001, 5.00001, 5., 5., 5., 5., 5., 5.}

Even with only 5 terms, the error is less than 0.1%. With 10 terms, the error is less than 0.004%

Part ¢

We construct a contour plot of @ for the contours 4, 8, 12, and 16 volts. We use an aspect ratio of b/a so
that the plot is true to the actual shape of the region, whatever the values of a and b. We use 20 terms in the
series.
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ContourPlot[E[x, y, 20], {x, 0, a}, {y, O, b},

b
Contours -» {4, 8, 12, 16}, FrameLabel » {"x", "y"}, AspectRatio -» —]

o
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o[ T T T T T T T T T T T [ T T T T T T T

We see that the 16 volt contour is not quite as smooth as we might like. This contour is fairly close to the
boundary where the convergence is poor. We try it again with 100 terms in the series.

ContourPlot[é[x, y, 100], {x, 0, a}, {y, O, b},

b
Contours -» {4, 8, 12, 16}, FrameLabel -» {"x", "y"}, AspectRatio » —]

o
N
o T T T T T T T T T T T [ T T T T T T

It takes a little longer, but we get a smoother picture. If you pass the mouse over the contours, the value of ® on
the contour will be displayed.



