




















ME 201/MTH 281
Assignment #4 Solutions 

‡ Problem 1
‡ Part b

We start by using Mathematica to get the graph of the periodic extension of the even extension.

f@x_D := Sin@p xD
feven@x_D := If@Hx < 0L, f@-xD, f@xDD

We graph the even extensions from -1 to 1.

Plot@feven@xD, 8x, -2, 2<, AxesLabel Ø 8"x", "fevenHxL"<D
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Now we define the periodic extension of period 4 of this function.

fext@x_D := feven@Mod@x, 4, -2DD



Plot@fext@xD, 8x, -6, 6<, AxesLabel Ø 8"x", "fextHxL"<D
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We use Mathematica to calculate the coefficients in the Fourier cosine series.

a@0D = H1ê2L Integrate@Sin@p xD*1, 8x, 0, 2<D
0

a@n_D =

Simplify@Integrate@Sin@p xD*Cos@n p xê2D, 8x, 0, 2<D, n œ IntegersD

4 I-1 + H-1LnM
I-4 + n2M p

This agrees with the result calculated by hand.

‡ Part c
Clear@f, feven, fextD;

We define for Mathematica f, fodd, and fext, and then we plot fodd and fext.

f@x_D := x H1 - xL
fodd@x_D := If@Hx ¥ 0L, f@xD, -f@-xDD
fext@x_D := fodd@Mod@x, 2, -1DD
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Plot@fodd@xD, 8x, -1, 1<, AxesLabel Ø 8"x", "foddHxL"<D
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Plot@fext@xD, 8x, -3, 3<, AxesLabel Ø 8"x", "fextHxL"<D
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We will check the smoothness of this extended function graphically.  We start with the first derivative which we
call g.

g@x_D = D@fodd@xD, xD
If@x ¥ 0, f£@xD, f£@-xDD
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gext@x_D := g@Mod@x, 2, -1DD
Plot@gext@xD, 8x, -3, 3<, AxesLabel Ø 8"x", "fext'HxL"<D
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The extended derivative appears to be continuous, but we can also see that the extended second derivative will
have  discontinuities.   This  is  the  same  conclusion  that  we  reached  in  our  earlier  analysis.   The  convergence
should be like 1/n3.  We calculate the coefficients in the Fourier sine series.

b@n_D = 2 Simplify@Integrate@f@xD*Sin@n p xD, 8x, 0, 1<D, n œ IntegersD

-
4 I-1 + H-1LnM

n3 p3

‡ Part d
For the Fourier sine series, we define f, fodd, and fext, the periodic extension of fodd.

Clear@f, fodd, fextD
f@x_D := 2

fodd@x_D := If@Hx ¥ 0L, f@xD, -f@-xDD
fext@x_D := fodd@Mod@x, 2, -1DD
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Plot@fodd@xD, 8x, -1, 1<, AxesLabel Ø 8"x", "foddHxL"<D
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Plot@fext@xD, 8x, -3, 3<, AxesLabel Ø 8"x", "fextHxL"<D
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The  extended  function  is  discontinuous,  so  we  expect  1/n  convergence.   We  calculate  the  coefficients  for  the
Fourier sine series.

b@n_D = Simplify@2*Integrate@f@xD Sin@n p xD, 8x, 0, 1<D, n œ IntegersD

-
4 I-1 + H-1LnM

n p

This is the same as we calculated earlier.
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This is the same as we calculated earlier.

‡ Problem 3
‡ Part c

The coefficients in the series for T
`

are

c@n_D =

H2êLL SimplifyAIntegrateAIT0 - HbêH6 difLL x IL2 - x2MM Sin@Hn p xLêLD,
8x, 0, L<E, n œ IntegersE

2 I-I-1 + H-1LnM dif n2 p2 T0 + H-1Ln L3 bM
dif n3 p3

‡ Part g
We will start by determining how many terms to use in the series for a given value of time.  We will somewhat
arbitrarily agree that a term in the series is negligible if the exponent in the time part exceeds 8 in value, giving a
numerical value for the exponential of

Exp@-8.0D
0.000335463

The magnitude of the nth exponent is  n2 p2 dif t ëL2.  For this  to exceed eight,  we will  need a number of terms

given by

nterms@t_D := CeilingASqrtAI8 HLêpL2 ë Hdif tLMEE
The function Ceiling gives the smallest integer that is larger than the argument. 

Now we define the three temperatures -- steady state Ts, transient Ttran, and full T.

Ts@x_D := HbêH6 difLL x IL2 - x2M
The coefficients c[n] have already been defined for the transient part.  The nth term in the transient series is now
defined.

term@x_, t_, n_D := c@nD ExpA-Hn p êLL2 dif tE Sin@HHn p xLêLLD
Finally we define the series for the transient temperature.

Tran@x_, t_D := Sum@term@x, t, nD, 8n, 1, nterms@tD<D
We make a special definition for the initial value.

Tran@x, 0D := T0 - Ts@xD
The full temperature is now easily defined.
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The full temperature is now easily defined.

T@x_, t_D := Ts@xD + Tran@x, tD
Again we give a special definition for the initial time.

t@x, 0D := T0

Now we give Mathematica all of the parameter values.

T0 = 30.0; L = 0.1; b = 480.0; dif = 2.0*10-4;

Before constructing the graph sequence which was asked for, we take a graphical look at the question of finding
the time at which the actual and steady state temperatures first differ by less than 2 degrees.  We start by check-
ing the value of c[1] used in our hand calculation.

c@1D
-116.61

This agrees.  Now we plot the transient temperature for several times, and include in the plot red horizontal lines
at ± 2°C.

graph@t_D := Plot@82, Tran@x, tD, -2<, 8x, 0, L<, PlotRange Ø 8-5, 5<,
PlotStyle Ø 8RGBColor@1, 0, 0D, RGBColor@0, 0, 1D<,
AxesLabel Ø 8"x", "TranHx,tL"<, PlotLabel Ø Row@8"t =", t, " s"<DD

We try this for 19, 20, amd 21 seconds.

graph@19D
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graph@20D
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graph@21D
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These are consistent with our earlier result.  We could use this graphical approach to increase the accuracy of the
estimate, by constructing a family of graphs for times between 20 and 21 s.  

Now  we  consider  the  times  at  which  the  graphs  should  be  constructed.   The  fundamental  time  in  the
problem is the diffusion time, which is
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L2 ë IIp2M difM

5.06606

This time should appear more or less in the middle of the times chosen for the graphs.  We make a sequence of
graphs at 1-second intervals, from time 0 to time 15 s.  We use a plot range from 0 to 160 °C.  We show on each
graph the initial temperature (in green), the actual temperature at time t (in blue) and the steady state temperature
(in red).

tempgraph@t_D := Plot@8Ts@xD, T0, T@x, tD<, 8x, 0, L<,
PlotStyle Ø 8RGBColor@1, 0, 0D, RGBColor@0, 1, 0D, RGBColor@0, 0, 1D<,
AxesLabel Ø 8"x HmL", "T H±CL"<,
PlotLabel Ø Row@8"Time =", t, " s"<DD

We try this at 5 seconds.

tempgraph@5D
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Now we use a Do loop to construct the sequence.

Do@Print@tempgraph@iDD, 8i, 1, 15<D
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You can make a short movie of the graphs by (1) selecting all of them, (2) going to the Graphics menu,
(3 )selecting the rendering submenu, and (4)selecting the Animated Selected Graphics sub-submenu.  

We see that the process is well along after one diffusion time, but does not near completion until about
three diffusion times.
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